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Abstract 



We prove that an infinitcsimally Hilbertian CD(0, N) space containing a line splits as 
the product of R and an infinitesimally Hilbertian CD(Q, N ~1) space. By 'infinitesimally 
Hilbertian' we mean that the Sobolev space W^''^{X,d,m), which in general is a Banaeh 
space, is an Hilbert space. When coupled with a curvature-dimension bound, this condition 
(-H ' is known to be stable with respect to measured Gromov-Hausdorff convergence. 
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1 Introduction 

1.1 Historical remarks and statement of the result 

The splitting theorem is a rigidity result in Riemannian geometry. It was proved at first 
for surfaces with non-negative curvature by Cohn-Vossen ([23]), generalized by Toponogov 
([66j) in arbitrary dimension for manifolds with non- negative sectional curvature - see also 
the contribution of Milka |51j for the case of Alexandrov spaces - and then by Cheeger and 
Gromoll in pT] for manifolds with non-negative Ricci curvature, their statement being: 

Theorem 1.1 (Splitting) Let M he a Riemannian manifold with non-negative Ricci cur- 
vature and containing a line. 

Then M is isometric to the product N x for some Riemannian manifold N of non- 
negative Ricci curvature. 

Here and in the following by Riemannian manifold we intend a complete, connected and 
smooth Riemannian manifold without boundary. 

A number of variants/generalizations have been obtained since then, in particular: 

• A simplified proof provided by Eschenburg and Heintze in |27j . 

• A version for Lorentzian manifolds, conjectured by Yau, given by Newman in [52] (see 
also the earlier contributions by Galloway [30j and [31], Beem, Ehrlich, Markvorsen, 
Steen, Galloway [l3] and [l2] and Eschenburg [28]). 
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• A version for orbifolds by Borzellino and Zhu in [16j . 

• A topological splitting for Alexandrov spaces with curvature bounded from below (possi- 
bly by a negative number) endowed with a measure satisfying the MCP(0, N) condition, 
by Kuwae and Shioya in [36]. Their result also provide an isometric splitting for some 
singular manifolds. 

• An isometric splitting for Alexandrov spaces with curvature bounded from below (pos- 
sibly by a negative number) with non-negative Ricci curvature, by Zhang and Zhu in 
|68j . Here 'non-negative Ricci curvature' is in a sense defined by the authors. 

• A diffeomorphic and measure preserving splitting theorem for Finsler manifolds which 
produces a 1-parameter group of isometrics on Berwald spaces, given by Ohta in |54j 

Among others, a crucial generalization of the splitting theorem has been obtained by Cheeger 
and Colding in [20]: they proved the following quantitative version of the rigidity property 
stated in Theorem ll.il 

Theorem 1.2 (Almost splitting) There exists a non-negative function (5, L, e,n, R) i— )• 
^{5, L, e\n, R) such that for given n, R it holds lim^^ l-i_s.o ^{^j L, e\n, R) = for which the 
following is true. 

Let M be an n- dimensional Riemannian manifold with Ric > — (n— 1)5 and x,yi,y2 £ M 
such that min{d(x, yo),d{x, yi)} > L andd{x, yo)+d{x, yi) — d{yo,yi) < e, d being the distance 
on M induced by the metric tensor. 

Then there exists a geodesic space {X' , d') such that for some x' € X' the ball Bfj{x' , 0) C 
X' X R satisfies 



where dcH is the Gromov-Hausdorff distance and the product space X' xM is endowed with 
the distance d' x dEuci defined by 



A simple limiting argument shows that the almost splitting theorem yields the splitting for 
limit spaces: 

Theorem 1.3 (Splitting for limit spaces) Let (Mi) be a sequence of Riemannian mani- 
folds with dimension uniformly bounded from above and such that RIca/- > —6i, where (5j J, 
as i —)■ oo. 

Let di be the Riemannian distance on Mi and assume that for some sequence of points 
Xi € Mi the sequence i i— t- (Mj,dj,Xj) converges to a pointed metric space (X, d,x) in the 
pointed Gromov-Hausdorff sense. Assume also that (X, d) contains a line. 

Then {X,d) is isometric to the product X' x R, where {X',d') is a length space and the 
product distance on X' x M is defined as in (jl.ip . 

In [50] and [6l];[S5] Lott-Villani on one side and Sturm on the other independently pro- 
posed a definition of 'having Ricci curvature bounded from below by K and dimension 
bounded above by for metric measure spaces, these being called CD{K,N) spaces (in 
|50j only the cases = or = oo were considered). Here K is a real number and N a real 
number > 1, the value N = oo being also allowed. 




d' xdEucl((x',t),(y',s)) := y'd'ix^y'y + lt-s 



(1.1) 
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The crucial properties of their definition are the compatibihty with the smooth Rieman- 
nian case and the stabihty w.r.t. measured Gromov-HausdorfF convergence. Broadly speaking, 
a central question about the study of CD{K, N) spaces is: which of the properties valid for 
Riemannian manifolds with Ric > K and dim < N are also true for CD{K, N) spaces? 

In particular, given the mentioned stability property and Theorem ll.3l the following ques- 
tion arises naturally: 

Let (X, d,m) be a CD{0,N) space containing a line. Is it true that there exists 
another space {X',d',m') such that (X, d,m) is isomorphic to the product of X' 
and M, where we are endow X' x M with the product measure m' x and the 
product distance d' x dsuci is defined as in (jl.ip ? 

And also: 

If the above is true, what can we say about the quotient space (X',d',m')? In 
particular, is it a CD{0,N — 1) space? 

Soon after the definitions in [50] and [65] have been proposed, it has been understood 
that the answer to the first question is 'no' in the class CD(0, N). Indeed, as shown by 
Cordero-Erasquin, Sturm and Villani (see the last theorem in [67|), the metric measure space 
(M'^,d||.||,£'^), where L'^ is the Lebes gue measure and d||.|| is the distance induced by the norm 
II • II, is always a CD{0,d) space, regardless of the choice of the norm (see also [53] for the 
curved Finsler case). In particular, if we take d = 2 and consider a norm not coming from 
a scalar product, then we see that the splitting cannot hold, because "Pythagoras' theorem" 
stated in formula (jl.ip fails. 

It is therefore natural to look for a stricter synthetic notion of Ricci curvature bound which, 
while retaining the stability property w.r.t. mGH-convergence, still ensures a 'Riemannian- 
like' behavior of the spaces, possibly enforcing geometric rigidity results. A proposal in this 
direction has been made in [7] specifically for the case N = oo: according to the slightly finer 
analysis done in [3], one says that (X, d,m) has Riemannian Ricci curvature bounded from 
below by K (is an RCD{K, oo) space, in short), provided it is a CD{K, oo) space and the 
Sobolev space W^''^{X,d,m) of real valued functions defined on X is Hilbert. 

Some comments about this definition are: 

• In abstract metric measure spaces W^'"^ is always a Banach space, and in the smooth 
situation a Finsler manifold is Riemannian if and only if W^''^ is Hilbert. In this sense 
the additional requirement that such space is Hilbert can be seen as the non-smooth 
analogous of 'the norm comes from a scalar product' which distinguishes Riemannian 
manifolds among Finsler ones. 

• Simple examples show that the condition 'VF^'^ is Hilbert' is not stable w.r.t. mGH- 
convergence. This is certainly not surprising, because the former is a first order condition 
on the space, while the latter is a zeroth order convergence. However, when coupling 
it with the curvature condition CD{K, oo), the resulting notion turns out to be stable, 
which was indeed one of the motivation for the introduction of RCD{K, oo) spaces. 
Heuristically, we can interpret this fact as the stability of a first order notion w.r.t. a 
zeroth order convergence under a uniform second order bound. In practice, the proof 
of the stability is based on the following two properties of the heat flow on CD{K, oo) 
spaces: 
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— In accordance with the smooth case (|42j). the gradient flow in L^(X, m) of the - 
generically non-quadratic - natural Dirichlet energy on {X, d , m) and the gradient 
flow in {l3^2{^)-,W2) of the relative entropy functional coincide ([35], [37], [S])- 

— If a sequence of CD{K, oo) metric measure spaces converges w.r.t. the mGH- 
convergence to a limit space, then the gradient flows of the relative entropies along 
the approximating sequence converge to that in the limit space ([32], |Z], [39]). 

Then one notice that W^''^ is Hilbert if and only if the gradient flow of the 'Dirichlet 
energy' is linear and thus if and only if the gradient flow of the relative entropy is linear. 
Given that the latter is stable, the desired stability follows. 

• In the original paper [7], the focus was on the properties of heat flow and connections 
with the theory of Dirichlet forms (which also provides a way to define curvature- 
dimension bounds by means of r2-calculus - see [I^). The resulting theory works rea- 
sonably well in the infinite dimensional case N = oo, but as of today it is not clear 
whether the heat flow can be successfully used to characterize curvature-dimension 
bounds also in the case < oo (it is possible to provide a stable curvature dimension 
notion based on the property of the heat flow and r2-calculus, but the relation with the 
CD{K,N) condition is unclear, see [8] and the end of the section), nor whether its role 
can be taken by the porous media flow (which in the smooth case is the gradient flow 
of the Renyi entropy used to define CD{K,N) spaces with < oo - see [57] and [1]). 

Instead, the assumption 'VF^'^ is Hilbert' makes sense regardless of curvature-dimension 
bounds, and we have seen on one side that in the smooth case it singles out Riemannian 
manifolds, and on the other, according to the above discussion and recalling the stability 
of the CD{K, N) condition, that the property 'being a CD{K, N) space such that W^''^ 
is Hilbert' is also stable. 

Therefore one can consider this latter class as substitute of the original CD{K, N) one 
and try to understand which sort of consequences he gets from the further assumption 
-g jjilbert'. This is the point of view adopted in this paper. 

• The requirement 'VF^'^ is Hilbert' is analytic in nature, not geometric. This means that 
we cannot reasonably expect to derive immediate geometric consequences out of it. The 
plan is instead to first develop appropriate Sobolev differential calculus - and in doing 
so the hypothesis ^W^''^ is Hilbert' should have evident effects - and then to use such 
calculus to deduce the expected geometric properties, by mimicking, whenever possible, 
the arguments valid in the smooth world. Some steps in this direction have already 
been done. In [34] the duality relations between differentials and gradients of Sobolev 
functions has been investigated, both in general and in connection with the assumption 
'VF^'^ is Hilbert'. Then in [30], closely following the original argument, it has been shown 
that the Abresch-Gromoll inequality holds on CD{K, N) spaces with W^''^ Hilbert in 
the same form as in the smooth case (recall that on general CD{K, N) spaces this 
inequality may fail). 

According to the terminology introduced in p^, a space {X,d,m) such that W^''^{X,d,m) is 
Hilbert will be called infinitesimally Hilbertian. Our main result is: 

Theorem 1.4 (Splitting in non-smooth context) Let {X,d,m) be an infinitesimally 
Hilbertian CD{0,N) space, N < oo, and assume that supp(m) contains a line. 
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Then there exists a metric measure space {X' ,d' ,m') such that {X,d,m) is isomorphic to 
the product X' x R, where X' is endowed with the product measure m' x and the product 
distance d' x cIeucI defined by 

d' xdEucl((x',t),(?/',s)) := y^d'{x',y'y + \t-s\^. 

Furthermore: 

• If N >2, then (X',d',m') is an infinitesimally Hilhertian CD{0,N — 1) space. 

• if N & [1)2), then X' is just a point. 

By 'isomorphic' we mean that there exists an isometry T : (supp(m') x M, d' x dEuci) — ^ 
(supp(m),d) such that T[((m' x L^) = m. In particular every space {X,d,m) is isomorphic to 
(supp(m), d, m); this explains why the line is required to take values in supp(m) rather than 
on X. 

Notice that the assumption < oo is necessary. Consider indeed M endowed with the 
Euclidean distance dEuci and the standard Gaussian measure 7. This is a CD{l,oo) space, 
in particular C-D(0, 00), and contains a line. Yet, it does not split, the problem being at the 
level of measures. Inspecting the proof of the splitting theorem, we see that the step which 
fails is the proof that the Busemann function is harmonic (recall that the intrinsic Laplacian 
A in such space is given by A/ = dxxf — xdxf)- This is not surprising, because as we will see 
in the next section once one knows that the Busemann function is harmonic the proof can be 
completed using only the infinite dimensional Bochner inequality, which holds on (M, dEuci 1 7) • 

With a standard compactness argument based on the fact that CD{K, N) spaces are 
uniformly doubling. Theorem 11.41 can be reformulated as follows: 

Theorem 1.5 (Splitting in non-smooth context - equivalent formulation) 

There exists a non negative function (6, L,e, N, R) 1— )■ ^(6,L,e\N,R) such that for given 
N, R it holds lim5,£,L-i^o ^(^) -^j ^I-^) -R) = for which the following is true. 

Let (X, d,m) be an infinitesimally Hilbertian CD{—6{N — l),N) space and x,yi,y2 G 
supp(m) such that min{d(x, yQ),d{x, yi)} > L and d{x, yo) + d(x, yi) — d(yo, yi) < £■ 

Then there exists a metric measure space {X',d',m') and x' E supp(m') such that the ball 
Br{x', 0) C X' X M satisfies 

D(^(Sij(x),d,mBfl(x)), {BR{x',Q),d' x dEuci, nB^(^./,o))) < ^{5,L,e\N,R), 

where D is the Sturm(-Gromov-HausdorfJ) distance, the distance d' x dEuci is defined by (jl.ip 
and the measures ffis^(a.), 115^(3;/ q) are the normalized restrictions of m and m' x to the 
balls Br{x),Br{x',0). 
Furthermore: 

• If ]X > 2, then (X' , d',m') can be chosen to be an infinitesimally Hilbertian CD(0, N — 1) 
space. 

• If N & [1,2), then X' can be chosen to be just a point. 

See [M] for the definition of the distance D and notice that in fact any distance metriz- 
ing a convergence of pointed metric-measure spaces for which 'infinitesimal Hilbertianity + 
CD(0, Ny is closed can be used in the statement. We will not discuss these stability questions 



6 



here and refer to [67], |64j . |39| and references therein for possible variants. In particular, we 
will not explicitly prove Theorem 11.51 but just focus on Theorem II. 4[ 

Comparing Theorems 11.41 11.51 with Theorems 11.31 11.21 and beside the fact that the former 
are stated in the non-smooth context while the latter refer to the smooth one, we see the 
following relations: 

• Theorems 11.41 11-51 give informations about the measures while Theorems II. 3( 11.21 do 
not. This is fact not a difference but rather a choice of exposition. As the proofs of 
Theorems 11.31 [L2] show, similar informations about the reference measures can directly 
be obtained. 

• The proof of Theorem 11.21 produces an explicit expression for the function ^, while 
Theorem 11.51 only grants its existence via a compactness argument, in line with the 
overall program about gathering information on the smooth world by investigating the 
non-smooth one. Although the explicit form of ^ seems not important in applications, 
strictly speaking Theorem 11.51 is not a generalization of Theorem 11.21 

• Theorems 11.41 [T3] give a structural information about the quotient space X' which is not 
present in Theorems 1 1 . 3 1 [L2l This has little to do with the strategy and tools that we use 
here, but is rather due to the stability of 'curvature-dimension bound plus infinitesimal 
Hilbertianity'. With these at disposal it is quite easy to see that the quotient space in 
Theorem 11.31 must be infinitesimal Hilbertian and CD{0, N), see the proofs of Theorems 
16.81 and 17.41 (the only non trivial tool is the existence of optimal transport maps) 

Given the rigidity result expressed by the splitting theorem in non-smooth setting and 
following the terminology proposed in [7], it might be tempting to define the class RCD{K, N) 
of spaces with Riemannian Ricci curvature bounded from below by K and dimension bounded 
above by A'' as: 

RCD{K,N) := CD (/C, A^) + infinitesimal Hilbertianity 

= CD{K,N)nRCD{K,oo). ^^'^^ 

Yet, we believe it is too early to close this concept in a definition, because before doing so we 
should get a clearer picture of the interaction within the (Riemannian) curvature-dimension 
bounds and Bochner inequality. Recall indeed that the inequality 

A^^>^^ + VA/.V/ + i^|V/|2, yfeC^{M), (1.3) 

characterizes Riemannian manifolds with Ric > K and dim < A^ and that via the means 
of the r2-calculus introduced by Bakry-Emery in [10], it can be used to define a curvature- 
dimension condition on a non-smooth structure. One of the main results of [8] is that requiring 
that (|1.3p . when properly written, holds on a metric measure space, yields a notion stable w.r.t. 
mGH-convergence. Thus a way alternative to ()1.2p to speak about 'Riemannian' curvature 
dimension bounds is to ask for such proper formulation of (jl.3p to hold. The question is then: 
do the two approaches coincide? The results in [7] and [8] give a quite complete answer for the 
case A^ = oo, the answer being yes. Nothing is known for the case A^ < oo. We collect some 
informal comments about the relations between Bochner inequality and curvature-dimension 
bounds in Appendix [Cl 
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1.2 Splitting without the Hessian 

The proof of the splitting theorem in the non-smooth context begins, as in the smooth case, 
with the study of the Busemann function b associated to the given hne. One crucial technical 
difference with the classical case is the fact that in the non-smooth world we currently don't 
have at disposal - nor we will build - an Hessian. In particular, this means that we don't 
have at disposal the Bochner identity which is typically used in conjunction with the Bochner 
inequality to deduce from Ab = that V^b = as well. The only form of Bochner inequality 
that is currently available in the non-smooth world is the dimension-free one, which in the 
smooth case reads as: 

> VA/.V/ + K|V/|2, V/gC°°(M), 

valid on manifolds with Ricci curvature > K. In the case Ric > - the one of interest for the 
splitting theorem - it reduces to 

iVfP 

A^^>VA/-V/, yfeC°^{M). (1.4) 

What we want to show here is that once one proves that the Busemann function b is harmonic 
and smooth, inequality (jl.4p is sufficient to conclude. The proof in the non-smooth context 
will be based on these arguments. 

Thus assume that Ab = 0, recall that it holds |Vb| = 1 and then write ()1.4p for the 
function b -|- e/, where / G C°°(M) is arbitrary, to get 

e A(Vb • V/) + y A| V/|2 > e VA/ • Vb + vA/ • V/. 
Divide by e > 0, let e J, and then substitute / with — / to obtain 

A(Vb- V/) = VA/- Vb, V/gC°°(M). (1.5) 

This equation, which can be thought as the Euler equation for b, given that b is a pointwise 

minimizer for / i— )• A^-^J VA/ • V/, encodes all the informations about the Busemann 

function one typically deduces from the Bochner identity. Lideed, expanding the left-hand 
side we see that (jl.Sp is equivalent to 

{V\V^f)^^ + mciVh,Vf)^0, V/gC°^(M), (1.6) 

which easily implies V^b = and Ric(Vb, •) = given that at any fixed point x £ M the 
gradient and the Hessian of / can be chosen independently. 

If we don't have at disposal the notion of Hessian we cannot write (jl.6p . but we can still 
conclude arguing as follows. Let M x M 9 (x, t) i— )• Ft{x) G M be the gradient fiow of b, so 
that Fo(a;) = x and ^Fi(x) = -S/h(Ft{x)), pick / E C^(M), put ft := /oFt and notice that 

~J |V/d' dVol = Jvff V(^/t) dVol = - / V/t • V(V/t • Vb) dVol. 
Now observe that 

- y V/t • ViVft ■ Vb) dVol = J ftA{Vft • Vb) dVol ^ J ftVAft ■ Vb dVol 

= - J AftV • (A Vb) dVol = - J AftVft ■ Vb dVol 
= I V/j-V(V/fVb)dVol, 
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and therefore / I V/fp dVol = 0, which gives 

J |V(/ o Fj)|2 dVol = I |V/|2 dVol, Vt G M, / G (M). (1.7) 

The interesting fact about (jl.7p is that it can be easily locahzed. Indeed, notice that by 
polarization from (|1.7|) we get 

y"v(/oFt)-V(<7oFt)dVol = yV/-VgdVol, yt € R, f, g e C^{M), (1.8) 

then fix /, (7 G C^{M), put := / o Ft, (7t := 5 o Fj and observe that 

/ (7d V/t|2 dVol = / Viftgt) ■ Vft - iV^t • V(/2) dVol 

^ ^ (1.9) 

y V(/5)-V/-iV5-V(/2)dVol = J g\Vf\' d\ol. 
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Recalling now that Ab = gives (Ft)jVol = Vol for every i G M, we know that J g\Vf\'^ dVol = 
/ ° -f"* dVol. Thus (II. 9p and the arbitrariness of 5 gives 

|V(/ o Ft)|2 = |V/|2 o Ft, Vt G M, / G (M), 

i.e.: VFt(x) is an isometry from TxM into Tp^^j-^M for any x G M and t G M, which is the 
same as saying that Ft : (M, d) — )■ (M, d) is an isometry for every t G K, d being the distance 
coming from the metric tensor on M. 

The proof is now almost done. To conclude we need only to show that N := b^^(O) is a 
totally geodesic submanifold of M. To prove this is the same as proving that for x,y £ N the 
function t 1— t- ^d^(x,Ft(y)) attains a unique minimum at t = 0. This can achieved without 
calling into play second order derivatives arguing as follows. Let be a minimum of t 1— >• 
^d^(x,Ft(y)) and observe that its Euler equation is 

(V/,Vb)(Fto(y)) = 0, (1.10) 

where f{z) := ^d^(x, z) (strictly speaking this is not correct unless we prove in advance that 
/ is differentiable at Ftp(y), but let's not focus on this point here). Now let [0, 1] 3 s t-^ Xg he 
a constant speed minimizing geodesic from x to Ftp (y) and observe that a simple application 
of the triangle inequality and the fact that Ft is an isometry ensure that a minimum of 
1 1—)- ^d^(x, Ft(xs)) is attained at t = 0, hence according to the above formula we deduce 

(V/,Vb)(x,) = 0, VsG[0,l]. 

On the other hand, we have x^ = ^V/(xs) and therefore 

b(xi)-b(xo)= r^h{xs)ds= [\x'„Vh{xs)) ds = /'-(V/(x,),Vb(x,)) ds = 0, 
Jo Jo Jo s 

and the proof is complete. 
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1.3 Structure of the paper and further technical comments 

The paper is organized in such a way that every chapter contains exactly one crucial step 
of the proof of the splitting theorem. At the beginning of each chapter we recall those pre- 
liminary results which are necessary to carry on the corresponding argument. This choice is 
certainly unusual w.r.t. the standard procedure of collecting all the preliminary notions at 
the beginning of the paper, but we preferred to do so for the following two reasons. The first 
is that this work is heavily based on several recents papers whose results, to grant readabil- 
ity, need to be recalled. Doing so at the beginning would postpone too much the moment in 
which the new content appears. The second and most important reason, is that proceeding 
in this way we can better clarify the structure of the proof and the role of the infinitesimal 
Hilbertianity assumption. In particular, we will see that the gradient flow of the Busemann 
function preserves the measure even if the space is not infinitesimally Hilbertian, in line with 
what is known in the Finsler case (j54j). Infinitesimal Hilbertianity will instead be crucial in 
deriving all the metric properties. 

We also remark that although our proof is synthetic in nature, given that we work on 
non-smooth spaces, there is quite a bit of (Sobolev) differential calculus involved. In this 
direction, most of the tools are taken from |34j together with some refinement that we do 
along the paper, in particular in Chapters IH [5l 

We now turn to the a detailed description of the various chapters. 

Multiples of b are Kantorovich potentials. Chapter [2] contains a simple, yet crucial, result 
which is valid in a general metric space: let (X, d) be a given proper geodesic space containing 
a line 7, assume that 

lim 2t - d(2;,7t) - d(x,7_i) = 0, Vx G X, (1.11) 

t— >+oo 

and put h{x) := limt_s.+oo i — d(x,7t). Then for every real number a G M the function ah is 

2 

c-concave, its c-transform being given by {abY = —ah — Notice that this is per se a quite 
strong rigidity result: on M'^ the only functions with this property are affine ones. 

The interest of this simple statement is that it provides a link between the gradient flow of 
b and optimal transport, which in turn allows to make use of the CD{0, N) condition. Indeed, 
a simple consequence of the result stated is that if X x M 9 (x, t) 1— >■ Ft(x) G X is a (Borel) 
gradient flow of b, then the curve M 9 t 1— )• (Ft)jj/i G ^2{X) is a constant speed W2-geodesic 
for any /x G ^2{X). 

The gradient flow of b preserves the measure. In Chapter [3] we prove that the gradient flow of 
the Busemann function b preserves the measure on quite general CD{0,N) spaces, provided 
we assume that (II. lip holds. This assumption will not be needed once we assume infinites- 
imal Hilbertianity, but in more general situations, due to the lack of an appropriate strong 
maximum principle, it is not a priori clear whether (jl.lip holds or not. 

At the beginning of the chapter we recall the definition of Sobolev space W^''^{X, d, m) and 
the fact that for any / G W^'^{X,d,m) there exists a non-negative function \Df\ G L^(X, m) 
playing the role of the modulus of the distributional differential of /. By construction \Df\ is 
a convex function of /, and in particular for /, g Sobolev the limits 

^^ \D{g + ef)\^-\Dg\' ^ ^^ \D{g + ef)\' - \Dg\' ^ 
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always exists, both in the m-a.e. sense and in L^[X,m). According to |34j . we call 'infinites- 
imally strictly convex' a space for which the two limits above coincide m-a.e. for any f,g 
and denote the common value by DfiS/g). On R'^ equipped with a norm and the Lebesgue 
measure, such requirement is equivalent in asking that the norm is strictly convex and in this 
case Df(Vg) is nothing but the value of the differential of / applied to the gradient of g, 
whence the notation. It turns out that even in the non-smooth case the object Df(Wg) can 
be interpreted as the 'value of the differential of / applied to the gradient of 5' even if we 
do not provide a definition of what differentials and gradients are. By this we mean that the 
standard first order calculus rules valid in a Finsler world are also valid on infinitesimally 
strictly convex spaces. 

Having defined the value of DfCVg), we can integrate by parts and thus give a meaning 
to the notion of distributional Laplacian. More precisely, we can give a rigorous meaning to 
the expression Ag = /i for a Sobolev function g and a Radon measure ^ by requiring that 

- I DfiVg) dm = I /dp, 

holds for any Lipschitz compactly supported /. Here and in the following we will keep the 
bold notation when dealing with such measure valued Laplacian. 

According to [3l], on an infinitesimally strictly convex CD{0,N) space such that 
W^''^{Q,,d,m) is uniformly convex for any Q, C X open, for the Busemann function b as- 
sociated to an half-line it holds Ab = p for some p > 0. In particular, for the Busemann 
function associated to a line satisfying (II. lip we have Ab = 0. 

On a smooth setting and for smooth functions / it is a triviality that A/ = implies 
that the gradient fiow of / preserves the measure. We don't know if the same holds in the 
non-smooth world, part of the problem being that it is not so clear what the gradient flow of 
/ is (for some class of functions containing the Lipschitz ones, the theory in [3] well covers 
existence, but the available uniqueness statements require hypotheses which a priori are not 
fulfilled in the current setting). 

Yet, for the very special case of the Busemann function b associated to a line, we can use 
the fact that both b and — b are Kantorovich potentials, granted by the previous chapter, to 
argue as follows. Recall that the functional Utv is defined on ^2(-^) as 

'U7v(p) := — y P"*^^^ dm, p = pm + p'^, _L m, 

and that the CD{0,N) assumption means that Un is geodesically convex on {^^2{X)^W2)- 

Thus, formally, if t 1— )• is a gradient flow of b, by what we learned in the previous chapter 
we know that for any po G l3^2{X) the curve t ^ fit := (Ff)jjp is a VF2-geodesic. Hence the 
geodesic convexity of Hat yields 

lim ^ '^a^(mo) ^ UN{fJ-i) - UN{fJ.o)- 

Pretending we can work as in the smooth case, we know that pt = (exp(— tVb))j/io and 
therefore by direct computation we get 

^.^^ U^(p,)-U^(po) ^_l /z)(pi-^)(vb)dm=l /pi-^dAb = 0, (1.12) 
40 t N J ^' ' N J ' ' ^ ' 
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p being the density of /^o, which together with the above estimate gives U7v(^i) > U,Ar(;Uo). 
Reversing the time and noticing that t i— )■ F_t is a gradient flow of — b we get the other 
inequahty and thus that U]\f{fi) = Uj\f{{Fi)^fi) for every n S ^2(^)- It is easy to see that 
this forces (Fi)jjTn = m and by analogous arguments we get {Ft)^m = m for every t G M. 

It turns out that it is possible to make this sort of procedure rigorous in the non-smooth 
case. A key role is played by a first order differentiation formula (introduced in [7] and 
generalized in [34]) which allows to justify (I1.12P on CD{0,N) spaces. Assuming that (jl.lip 
holds, that the space is infinitesimally strictly convex and that Vl^^'^(fi, d, m) is uniformly 
convex for every Q C X open, we are able to obtain that: 

There exists a Borel gradient flow F : supp(m) x M — supp(m) of b such that 
{Ft)^m = m holds for every t G M and F^ o F^ = Ft+s holds m-a.e. for every 
t,s E M. 

This gradient flow is unique in the class of Borel gradient flows F of b such that 
(F()((m ^ m for every t G M. 

See Theorem 13.211 for the precise statement. 

The gradient flow of b preserves the distance. In Chapter H] we introduce the infinitesimal 
Hilbertianity assumption which we shall keep from that moment on. In particular, accord- 
ing to the results in [33], [13] and [38], this means that A(b"'' + b~) > 0, where b^,b~ are 
the Busmann functions associated to a line, and that the strong maximum principle holds. 
Therefore in accordance with the strategy used in the smooth setting, (II. lip can be proved 
so that we don't have to assume it a priori as in the previous chapters. 

From the algebraic point of view, the crucial effect of infinitesimal Hilbertianity is that 
Df{Vg) = Dg{S/ f) m-a.e. for any Sobolev f,g. This identity can be interpreted as the 
abstract analogous of the fact that on Riemannian manifolds we can identify differentials and 
gradients via the Riesz theorem. To emphasize the symmetry of this object we will denote it 
by (V/, V(7) and to mimic the standard notation used in the Riemannian context we will also 
write |V/| in place of \Df\. 

Following the same sort of computations done in the previous section, we will be able to 
prove that for / G W^''^{X, A,m) we have / o Ft G d,m) for any t G M and 

|V(/oFt)| = |V/|oFt, m-a.e., V/ G ^^^'^(X, d, m). (1.13) 

To turn this Sobolev information into a metric one we use the following property of CD{K, N) 
spaces, which links the Sobolev quantity |V/| to the metric one Lip(/): 

Let / G W^'^{X,d,m) be with |V/| < 1 m-a.e., then / admits a 1-Lipschitz representative. 

(1.14) 

The fact that (I1.14p holds on CD{K, N) spaces is a consequence of a result by Rajala |58j 
concerning existence of VF2-geodesics with uniformly bounded densities. The same property 
also holds on RCD{K, oo) spaces [7] as a consequence of the regularizing properties of the 
heat flow, see also Section [4.1.31 

The idea is then to consider a dense set {x„}„gN C supp(m) and the functions 
fk^n ■= max{0, min{d(-, Xn), /c — d(-,Xn)}}. These are 1-Lipschitz with bounded support and 
thus belong to W^'^{X,d,m) with \Vfk,n\ < 1 m-a.e.. Hence by ()1.13p we deduce that for any 
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t G R we have fk,n o G d, m) with \V{fk,n ° F()| < 1 m-a.e.. Using the property 

(|1.14p we get that outside a neghgible set yik,n,t the map fk,n ° Ft is 1-Lipschitz and therefore 

d{x,y) >sup\fk,n{Ft{x)) - fk,n{Ft{y))\ = <i{Ft{x),Ft{y)), Vx, y G X \ Ufc,„?l„,t. 

k,n 

In other words, : (supp(m),d) — (supp(m),d) has a 1-Lipschitz representative. Reversing 
times we are then able to obtain that: 

There exists a unique continuous map F : supp(m) x M — )• supp(m) which coincides 
m X £^-a.e. with F, and this map satisfies 

d(Fj(x),Ft(y)) = d{x,y), Vx,y G supp(m), t G M, 
Ft(F,(x)) = Ft+s{x), yx G supp(m), t,s£R. 

It is worth to underhne that the duahty principle that allows to deduce from (jl.l3p that F^ has 
a representative which is an isometry, has little to do with lower Ricci bounds and infinitesimal 
Hilbertianity: the same arguments can be carried out on spaces having the Sobolev-to-Lipschitz 
property, these being defined as: 

(X, d,m) has the Sobolev-to-Lipschitz property provided any / G VF^'^(X, d, m) 
with \Df\ < 1 m-a.e. has a 1-Lipschitz representative, 

see Section 14.1.31 for the precise definition. Then with the same arguments as before one can 
prove the following general dualism between metric measure theoretic structures and Sobolev 
norms: 

Let (Xi, di, mi) and (X2, d2, m2) be two spaces with the Sobolev-to-Lipschitz prop- 
erty with mi, m2 giving finite mass to bounded sets and T : Xi — t- X2 an invertible 
Borel map. 

Then T is - up to modification on a negligible set - an isomorphism of metric 
measure spaces if and only if ||/ o T\\wi,2^Xi,di,mi) = \\f\\w^'\X2,d2,m2) ^r every 
Borel function / : X2 — s- M. 

See Proposition 14.201 (here we adopt the standard convention according to which the Sobolev 
norm is +00 if the function is not Sobolev). This duality result should be compared to the 
simple statement valid in metric spaces: 

Let {Xi,di) and (X2,d2) be two metric spaces and T : Xi — )• X2 an invertible 
map. 

Then T is an isometry if and only if Lipj^^ {f oT) = Lipj^^ (/) for any / : X2 — )• M. 

The latter is trivial to prove. The metric-measure counterpart is slightly more delicate due to 
the fact that in general Sobolev functions do not carry any information about the geometry 
of the space: to see why just consider a totally disconnected space (X, d,m) and recall that 
in this case every function / G L'^{X,m) is Sobolev with \Df \ = 0. Thus if we wish Sobolev 
functions to be the 'dual' object of the metric-measure theoretic structure in the same way as 
Lipschitz functions are the 'dual' object of a metric we need to impose some a priori condition: 
the Sobolev-to-Lipschitz property does the job. 
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As a side remark, we point out that the this property is strongly reminiscent of the 
construction of the intrinsic distance dg associated to a Dirichlet form £: 

d£(x,y) := {sup|/(x)-/(y)| : feD{e)nC{X), such that r(/, /)< 1, m-a.e.}, 

the Sobolev-to-Lipschitz property being replaced by the assumption that the functions / 
considered are continuous. We refer to [7], [S] and [13] for some recent advances about the links 
between the theory of Dirichlet forms and the metric of the underlying space in connection 
with Ricci curvature lower bounds. 

The quotient space isometrically embeds into the original one. Once we have a well defined 
gradient flow of b on the whole supp(Tn), we can define the quotient metric space {X' , d') as: 
X' := supp(m)/ ~ where a; ~ y provided Ft{x) = y for some t gM. and 

d'(7r(x), 7r(y)) := inf d{x, Ft{y)), Vx, y G supp(m), 

vr : supp(m) — )■ X' being the natural projection. It is also easy to guess what is the correct 
measure m' on X': just put 

m'(^) :=m(7r^i(^)nb"^([0,l])), V Borel ^ C X'. 

Notice that the map vr has a natural right inverse t : X' ^ X defined by 

l{x') := X, provided 7r(x) = x' and h{x) = 0, 

and that a posteriori, i.e. once the splitting will be proved, we will know that t is an isometric 
embedding. In practice, it seems technically preferable to prove such property in advance 
and only later deduce the splitting out of it. The reason for this is that it seems hard to get 
a direct proof of the splitting of the distance according to formula (jl.ip : it will instead be 
easier to compare the Sobolev spaces W^''^{X' x M, d' x dEucb m' x L^) and W^''^{X, d, m) and 
then use the same duality principle used in the previous chapter. Yet, in order to do this we 
need an a priori good knowledge of the Sobolev space W^'^{X', d', m') and of its relation with 
W^''^{X,d,m). Also, as a side advantage, knowing that t is an isometry will quickly lead to 
the proof that {X' ,d' ,m') is an infinitesimally Hilbertian CD{0,N) space, so that we will be 
allowed to use all the known results about these spaces in what will come next (but to get 
that it is a CD{0, N — 1) space will not be trivial until we prove that the distance splits). 

The geometric idea to get that l is an isometry is the same as the one presented at the 
end of the previous section. The main problem in following that argument in the non-smooth 
world is in deriving/giving a meaning to the Euler equation (jl.lOp : the issue is - clearly - that 
the map t i— )• id^(x,Ft(y)) is not known to be C^, but just Lipschitz. The idea to overcome 
this problem is to lift the analysis from points to probability measures with bounded density: 
this has the effect 'averaging out' the unsmoothness of the space and leads to the desired 

regularity. This principle works both in passing from the study of s i— t- h{xs) to that of 
s I— )• Jbd/ig and in passing from t i— ^d'^{x,Ft{y)) to t i— )• iW|(/z, (Fj)[jz/), where (xs) and 
(/is) are geodesies in X and i^2{X) respectively. 

Concretely, what we prove is: 

Let fiQ, fii S ^2iX) with bounded support such that /"i < Cm for some C > 
and (fit) the geodesic connecting them. 
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Then the map t i— )■ J b dfit is and its derivative is given by 

jhdiit = \ j (Vb,V(/;t) d/it, Vt G (0,1], 



_d 

dt 



where is any Lipschitz Kantorovich potential from /it to /io- 

See Proposition 15.151 And similarly: 

Let £ ^2{X) be with bounded support such that u < Cm for some C. 
Then the map 1 1— )• ^VFf (/U, (Ft)jz/) is and its derivative is given by 

(Ft)jz.) = - y (V0t, V^t) d/it, Vt G (0, 1], 

where ^t,4't are any choice of Lipschitz Kantorovich potentials from (Ft)jji/ to 
and from (Ft)jji^ to /i respectively. 

See Proposition 15.161 Notice the analogy with the differentiation formulas valid in the smooth 
setting (see e.g. Chapter 7 of [1]). Notice also that in the first of the differentiation formulas 
above we mentioned 'the' geodesic connecting fiQ to fii rather than 'a' geodesic. Indeed, a 
recent result by Rajala and Sturm (|59j) grants that with the above assumptions there exists 
a unique optimal transport plan from /io to /ti, that this plan is induced by a map T and that 
for /iQ-a.e. x the geodesic connecting x to T{x) is unique. This is a genuine metric-measure- 
theoretic version of the celebrated Brenier-McCann theorem, and yields in particular the 
uniqueness of the W2-geodesic and useful regularity results for the interpolated densities. 

With these formulas at disposal we can now proceed by approximation as follows. Pick 
x,y G supp(m), e > 0, define /t := m(i?e(x))~^m| , z/ := tn(i?e(y))~^m| and look 

for the minimum of t i— )■ ^V^Ki^, (Ft)[j/i). With the same computations done at the end of 
Section [1.21 - which are now justified at the level of probability measures - we obtain that the 
minimum is achieved at the only tQ such that Jbdiy = J b d(Ft(,)j/i. Since clearly we have 
I Jbd/i — b(x)| < £ and | Jbdi^ — b(y)| < e, by letting e | we can conclude that the only 
minimum of t i— )■ |d^(y, Ft(a;)) is achieved for the to such that b(y) = b(Ftg(a;)), which is 
equivalent to the fact that l : {X',d') — )• {X,d) is an isometry, as desired. 

"Pythagoras' theorem" holds. At this stage of the proof we know that 



(1.15) 



d{x,y) = d'(7r(2;), 7r(y)), x,y £ supp(m) are such that b(x) = b(y), 

d(x,y) = |b(2;) — b(y)|, if x,y G supp(m) are such that 7r(x) = vr(y), 

but we still need to prove that d splits according to formula (jl.ip . i.e. that it holds 

d{x, yf = d'(7r(x), 7r(y))2 + \h{x) - b(y)|2, Vx, y G supp(m). 

As said, a direct proof of this formula seems hardly achievable and we will instead proceed 
by duality with Sobolev functions, as in Chapter 

We will therefore introduce the map S : supp(m) — )• X' x M by S(x) := (7r(x),b(x)) and 
prove that the right composition with S provides an isometry of W^'^{X' x M) in W^''^{X). 
Given that known results ([7], [8]) grant that X' x M has the Sobolev-to-Lipschitz property, 
this will be sufficient to conclude. 
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By definition of m' and the fact that (Ft)jjm = m for any t G M, it is obvious that 
Sjjm = m' X L^, thus the problem reduces to prove that 

feW,];'^{x'xR) ^ /oSG<f(x) ^^^^^ 

and in this case the identity |V/|x'xR o S = |V(/ o S)|x holds m' x £^-a.e.. 

From the identities (jl.lSp and the fact that S^xn = m' x it easily follows that the above is 
true if / depends only on one coordinate, i.e. if either f{x',t) = g{x') for some g € W^^^{X') 
or f{x',t) = h{t) for some h G W^^^{M.). 

Now we know by assumption that (X, d,m) is infinitesimally Hilbertian and from the 
structural characterization of product spaces given in [7], [H] that {X' x E, d' x dEuch^"' x ■^^) 
is infinitesimally Hilbertian as well. Using these informations we can deduce that for g, h as 
above we have the natural orthogonality relations 

(V(5r o TTx'), V{h o TTM.))x'xR = 0' ^' ^ £^-a.e., 
(V((7 o vr), V(/i o b))j5^ = 0, m-a.e.. 

Prom these and basic algebraic manipulation we can prove that (|1.16p holds if / belongs to 
the algebra generated by functions depending on just one coordinate. The general case will 
then follow via an approximation argument. 

The quotient space has dimension — 1. With the result of the previous chapter we know 
that (X, d,m) splits as the product of an infinitesimall Hilbertian CD(0,N) space {X' ,d' ,m') 
and the Euclidean line (R, dEuch '^^)- What remains to prove is the dimension reduction 
property, namely that if iV > 2 then {X',d', m') is a CD{0, N-1) space and that if G [1, 2) 
then X' is just a point. 

The case N £ [1,2) can be handled by simply looking at the Hausdorff dimension of 
(supp(m),d) and recalling ([50], [65]) that it must be bounded from above by A''. 

For the case N > 2 the argument is very similar to those presented in [18] and [T7j, where 
also some sort of dimension reduction appeared. Actually, our situation is simpler than that 
of these papers because we have at disposal a product structure which is absent in [18], [T7] . 
The idea is to fix a geodesic t ^ fit '■= Pt^' on ^2iX'), choose arbitrary a, /? > and consider 
the geodesic t ^ ut := ii_f^a+ti3] ^2{^)- Given that X' is an infinitesimally 

Hilbertian CD{0,N) space, using the aforementioned existence and uniqueness of optimal 
maps we know that there exists a unique optimal geodesic plan tt G ^2{C{[0, 1],X')) from 
/Wo to fli. 

Simple metric arguments ensure that t i— )• /it x is a geodesic on ^2iX' x M). Since we 
know that X' x M is isomorphic to X and that the latter is a CD{0, N) space, using again the 
existence and uniqueness of optimal maps to localize the CD{0,N) condition we can deduce 

^ > (1 - t) (P^) + t f 4^ V" , vr-a.e. r 



{l-t)a + tl3 J - ' ' \ a J \ 13 

Then a simple optimization in a and f3 gives the conclusion. 

/ wish to warmly thank K.-T. Sturm for several stimulating conversations I had with him 
while working on this project 
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2 Multiples of b are Kantorovich potentials 

2.1 Preliminary notions 
2.1.1 Metric spaces 

The metric spaces {X,d) that we shall consider will always be complete and separable. In 
most cases, we shall actually deal with proper spaces, i.e. spaces such that bounded closed 
sets are compact. 

By support of a Borel measure fi on X we intend the intersection of all closed sets where 
fi is concentrated, we will denote it by supp(/i). Similarly for functions. 

For a, 6 £ R, a < 6, a curve 7 : [a, 6] — t- X is said absolutely continuous provided there 
exists a function / G L^{a,b) such that 



d(7t,7s) <^ /(r)dr, Vt<sG[a,6]. (2.1) 



It turns out that if 7 is absolutely continuous then the limit 

hm ^(2:^±^, (2.2) 
h^O 1^1 

exists for L^-a.e. t E [a,b], where here and in the following we denote by £^ the Lebesgue 
measure on M. The limit in (j2.2|) is called metric speed of the curve, denoted by I7I, it belongs 
to L^{a, b) and is the minimal function - in the L^-a.e. sense - that can be chosen as / in 

A curve 7 : [0, 1] —t- X is a minimizing constant speed geodesic, or simply geodesic, if 
d(7t,7s) < |s-t|d(7o,7i), Vt, s G [0,1]. 

The space {X, d) is said geodesic provided for any x,y £ X there exists a geodesic connecting 
them. 

A curve 7 : M"*" — )• X is a half line provided 

d(7t,7s) = \t- s\, yt,s > 0. 
To an half line it is associate the Busemann function b : X — t- R defined by 

h(x) := lim t-d(x,-ft), (2.3) 

a simple application of the triangle inequality shows that the limit exists and is real valued 
for any x € X, and thus b is a well defined 1-Lipschitz function. A curve 7 : M — >• X is a line 
provided 

d(7i,7,) = yt,s£R. 

To a line we can associate two Busemann functions b''", b~, one for each of the two naturally 
induced half-lines: 

b+(2;) := lim t-d{x,jt), b~(x) := lim t-d(x,7_f). (2.4) 

t— >+oo t— >+oo 

Notice that the triangle inequality ensures that 

b+ + b"<0. (2.5) 
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We shall denote by C([0, 1],^) the space of continuous curves on [0, 1] with values in X 
endowed with the sup norm. It is a complete and separable. For t G [0, 1] the evaluation map 
at : C([0, 1], X) ^ X is defined by 

ef(7):=7t, V7 G C([0, 1], X). 

The space Geo(X) C C([0, 1], X) is the set of all geodesies; it is complete and separable. 

Given a function / : X — t- R we shall denote by lip(/) : X — t- [0, 00] its local Lipschitz 
constant defined by 

lip(/) := lim -7} ^ , 

y^x a[x,y) 

if X is not isolated and lip(/)(x) = otherwise. The global Lipschitz constant, or simply 
Lipschitz constant, Lip(/) is instead defined by 

Lip(/ := sup ^ . 

x,y&X 0{x,y) 

Let / : X — 7- M be a Lipschitz function and 7 : I — ?• X an absolutely continuous curve, 
/ C M being a non-trivial interval. Then the map t 1— )• /(7t) is absolutely continuous and by 
direct computation one sees that 

^/(7t)<l7t|lip(/)(7t), £^-a.e. t. 
In particular we deduce that for i < s G / it holds 

filt) < fhs) + \f^ M + ^ lip(/)'(7r) dr. (2.6) 

If the ambient space X is M'^, equality holds in (j2.6p if and only if 7^ = —'Vfdt) for L^-a.e. 
t, i.e. if and only if 7 is a gradient flow trajectory for /. Asking for equality in (j2.6p makes 
sense also in arbitrary metric spaces, thus we are lead to the following definition: 

Definition 2.1 (Gradient flows) Let {X,d) be a metric space, / : X — )■ R a Lipschitz map, 
L CR a non trivial interval and 7 : / — t- X a curve. 

We say that j is a gradient flow trajectory of f provided 

f{lt) = fils) + \f^ \ir? + Mf?ilr) dr, 

holds for any t < s, t, s G /. 

Notice that this is not really the appropriate definition of gradient flow in a metric setting, 
as in general the descending slope should be used in place of the local Lipschitz constant. 
Yet, given that we will need this concept only for the Busemann function and that for it the 
two approaches coincide, we preferred to proceed with the more direct apporach. See [3] for 
a general overview on the topic. 
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2.1.2 Optimal transport 

Let d) be complete and separable and denote by ^{X) the space of Borel probability 
measures on X. 

The space l3^2{X) C £y'{X) is the set of those probability measures with finite second 
moment, i.e. 

!^2{X) := e ^{X) : j d^(-,Xo)d/i < oo, for some - and thus any - rco G x|. 

For /i, G l3^2{X) their quadratic transportation distance W2{^J',i^) is defined by 

Wiiii, y) := mm j 6'^{x, y) d7(x, y), (2.7) 

where the minimum is considered among all 7 G ^^{X'^) such that ttJ^ = fi and 7r|7 = u. It 
turns out that W2 is actually a distance on 0^2{X) and that {^2{X),W2) is complete and 
separable provided {X, d) is so. 

An important characterization of W2 can be given in terms on the dual formulation of the 
optimal transport problem: one can see that it holds 



= sup j^dn + j ^^dv, (2.8) 



where the sup is taken among all the Borel functions : X — t- MU {— 00} such that ip G L^ilJ-) 
and the c-transform ip^ of ip is defined as 

LP (y) := mf Lp(x). 

A function 93 : X — )• M such that p)'^^ = 99 is said c-concave. 

It turns out that the sup in (12. Sp is always attained and that optimizers p can be chosen to 
be c-concave: any such p is called Kantorovich potential from [i to z^, or Kantorovich potential 
relative to (/i, v\ It is also possible to see that Kantorovich potentials can be chosen to satisfy 
the following property, slight stronger than c-concavity: 

^{x) = mf p (y). 

yGsupp(/i) L 

This shows, in particular, that if v has bounded support then p) can be chosen to be Lipschitz 
on bounded sets. If \i has also bounded support, the p can be chosen to be bounded and 
globally Lipschitz. 

For 99 : X — )• M c-concave, the c-superdifferential d'^p C X'^ is defined as the set of (x, y) 
such that 

d^ (x, y) 

p{x)^p''{y) = ^ — , 

(notice that for arbitrary (x,y) the inequality < holds). For x G X, the set d'^p{x) C X is 
then the set of those y's such that (x, y) G d^p. 

A crucial property of Kantorovich potentials p is that 

any plan 7 which minimizes (|2.7p must be concentrated on d'^p. (2-9) 
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If we further assume that {X, d) is a geodesic space, then W2 can be equivalently charac- 
terized in dynamic terms as: 

Wi{i^,u) = mm jj^ |7t|2did7r(7), (2.10) 

where the minimum is taken among all tt G ^(C([0, 1], X)) such that (eo)u7r = /i and (ei)n7r = 
u. Here and in the following we adopt the convention according to which \jt\'^dt = +00 
if 7 is not absolutely continuous, thus any tt such that ff^ \jt\'^ dtd7v{'j) < 00 must be 
concentrated on absolutely continuous curves. Any plan that realizes the min in (|2.10|) is 
called optimal geodesic plan, or simply optimal plan. The set of optimal geodesic plans from 
/Lt to is denoted by OptGeo(/i, i^). Any plan in OptGeo(/.i, z^) must be concentrated on 
Geo(X). 

If TT G OptGeo(/i, i^), then 7 := (eo,ei)[j7r minimizes (j2.7p . thus by (j2.9p we get that any 
TT S OptGeo(/U, z/) fulfills 71 G d^ipljo) for 7r-a.e. 7, where if is any Kantorovich potential 
from to V. 

There is a strict link between geodesies in (^2{X),W2) and optimal geodesic plans: for 
any (pt) geodesic there exists tt G OptGeo(/i0 7 ^1) such that 

(ej)jj7r = nt, Vt G [0, 1], 

and conversely any tt G OptGeo(/Uo, /^i) produces a geodesic via the above formula. Any such 
TT is said to induce, or to be a lifting of, the geodesic (fit) and any Kantorovich potential from 
fiQ to fii is also said to be a Kantorovich potential relative to (nt)- 

More generally, Lisini (j48j) proved that every absolutely continuos curve (/.tf) admits a 
lifting in the following sense: 

Theorem 2.2 Let {X,d) be a complete, separable metric space and (fit) C ,^^2iX) o- W2- 
absolutely continuous curve such that jj|/itpdt < 00. Then there exists a plan 
TV G ^(C([0,1],X)) such that 

(et)tt7r = nt, yt G [0, 1], 
j |7t|2d7r(7) = \fit\, a.e. t G [0,1]. 

2.2 Result 

In this section we shall assume that: 

{X, d) is a proper geodesic space, 7 : R — )• X is a line, 

b^ and b~ are the associated Busemann functions as in (j2.4p . (2-11) 
the identity b+ + b^ = holds on all X. Put b := b+ 

Recall that according to (|2.5p in general only the inequality b"*" + b^ < holds. Here we 
want to analyze which sort of metric rigidity properties can be inferred by the hypothesis 
b+ + b- = 0: 

Theorem 2.3 (Multiples of b are Kantorovich potentials) Let {X, d) and 7 be as in 
(12. lip . Then the following are true. 
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i) For every a G M the function ah is c-concave and fulfills 

a^ 

{ahf = -ah-—, 

2 (2-12) 
{-ahr = ah-^. 

In particular, {x,y) G d^{ah) if and only if {y,x) G d^{—ah). 
ii) lip(b) = 1. 

Hi) For a G M and 7 : [0, 1] — )■ X the following are equivalent: 

a) 'J is a constant speed geodesic and 71 G d^{ah){jQ) 

b) ^ is a gradient flow trajectory of ah 

In particular, if j : [0, 1] ^ X is a geodesic with 71 G 9^(ab)(7o), then we have 

7t G 9^(tab)(7o), VtG[0,l]. 

iv) For a G M holds 

y e d''{ah){x) <^ d{x,y) = \a\ and h{x)-h{y) = a (2-13) 

v) For ai, 02 G M with 0102 > it holds 

2/ G a"(aib)(x), z£d^ia2h)iy) z G ^"((ai + a2)b)(x). 

proof 

(i) Fix a G M and notice that since ah is |a|-Lipschitz we have 

ab(x) - ah{y) < \a\d{x, y) < + ^ , Vx, y G X, 

which yields ^^'^^ — ab(x) > —ah{y) — ^ for any x,y £ X, and thus 

{ahYiy) > -ah{y) - y , Vy G X. 

To prove the opposite inequahty, fix y G X and assume for the moment a > 0. Let 7*'^' : 
[0, d(?/,7t)] — )■ X be a unit speed geodesic connecting y to 7t and notice that since {X,d) is 
proper, for some sequence tn t +00 the sequence n 1— >• 7a" converges to some point ya £ X 
which clearly has distance a from y. 
Letting n — )• 00 in 

tn - d(ya,7tj > tn " d(7^'^7^„) - d(ya,7a"'^) = in - d(y,7tj + a - d(ya,7a"'^), 
and recalling that b = lim„,_j.oo tn — d{-,^t„) we deduce 

h{ya) > b(y) + a. (2.14) 
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Choosing i/a as competitor in the definition of (ab)'^(y) we obtain 

[ah) [y) = mf ah[x) < ah{ya) < -ah{y) - — , 

X z 2 2 

as desired. The case a < is handled analogously by letting be any limit of 7|~*'^ as 
t — )■ +00 and using the fact that b = limt_s.+oo d('5 — t- 

This proves the first identity in (j2.12p . The second follows from the first choosing —a in 
place of a. Finally, the c-concavity of ah is obtained by direct algebraic manipulation: 

2 \ c 2 



{ahr=^-ah--j =[-ahr + - = ah. 

The last assertion follows from the fact that (x, y) E d'^{ah) if and only if [y, x) G d'^{ahy and 
identities ([21^ . 

(ii) We already know that b is 1-Lipschitz and thus lip(b)(a;) < 1 for every x £ X. For y £ X 
and a > 0, we proved in point (i), that there exists a point ya & X such that d{y,ya) = a and 
(fmi) holds. Hence '°^d(l~yl)'^ ^ ^ letting o i we deduce lip(b)(y) > 1. 

(iii) The second part of the claim follows directly from the equivalence of (a) and (6). 
(a) =^ (b) We know that 

ab(7o) + (ab)^(7i) = %^ = ^^'N^dt, 

where the second equality comes from the fact that 7 is a constant speed geodesic. Recalling 
the first in (12. 12^ we deduce 



ab(7o) 



«b(7i) + y + ^^ |7t|2dt = ab(7i) + i^ lip{ah)\jt) dt + ^ \^t\^ dt, 
having used point [ii). 

(b) =^ (a) Recalling point (ii) and the definition of gradient flow trajectory we have 

1 /■! 1 /■! 1 / /"^ \^ 

ab(7o) = ab(7i) + -J lip{ah)\jt) + ^ J \it\^ > ab(7i) + y + 2 ( / 1^*' 

> ab(7i) + y + 2^^(70,71)- 

(2.15) 

Thus from the first in p.l2p we obtain 

ab(7o) > -(ab)''(7i) + ^d2(7o,7i), 

which shows that 71 € 9'^(ab)(7o). Furthermore, this last inequality is in fact an equality, 
which forces the inequalities in (j2.15p to be equalities, i.e. \jt\'^dt = d^(7o,7i), which is 
true if and only if 7 is a constant speed geodesic. 

(iv) <;= is obvious. For =^ pick x,y £ X such that y G d'^{ah){x) and 7 a constant speed 
geodesic connecting x to y. Then by point {iii) we know that 7 is a gradient flow trajectory 
for ah, which in particular implies |7j| = lip(ab)(7j) = \a\ for a.e. t and thus d(7o,7i) = \a\. 
The equality b(7o) — b(7i) = a now follows from point (i). 

(v) Direct consequence of point (iv). □ 
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3 The gradient flow of b preserves the measure 

3.1 Preliminary notions 
3.1.1 Borel selection 

We shall occasionally make use of the following well known selection theorem, due to Kura- 
towski and Ryll-Nardzeweski ([S]), which we will state as: 

Theorem 3.1 (Borel selection) Let {X,d) and {X',d') be complete and separable metric 
spaces, denote by 3'(X') the collection of closed subsets of X' and let S : X ^ 'J[X') be a 
map. Assume that: 

i) S{x) / for every x £ X, 

a) for every open set Q C X' the set {x € X : S{x) n 7^ 0} is Borel. 

Then there exists a Borel map T : X ^ X' such that T{x) G S{x) for every x £ X. 

Given a complete separable space (X, d) and a Borel set C X, we say that a map 
T : E ^ ^{X) is Borel provided for every Borel E' C X the map x ^ T{x){E') G [0, 1] is 
Borel. Theorem 13. II above implies the following. 

Corollary 3.2 (Variant of Borel selection) Let T : X — )• l3^{X) be a Borel map. Then 
there exists a Borel map T : X ^ X such that T{x) G supp(T(a;)) for every x £ X. 

For the proof, just notice that supp(T(x)) is a closed non-empty set for any x £ X and that 
for C X open it holds 



3.1.2 Metric measure spaces and CD{0,N) condition 

In this paper all metric measure spaces (X, d,m) considered are such that {X,d) is complete 
and separable and m is a non-negative Radon measure on X. These assumption will always 
be taken implicitly. 

Definition 3.3 (Isomorphisms betw^een metric measure spaces) Two metric measure 
spaces (Xi,di,mi), {X2, 62,^X2) are said isomorphic provided there exists an isometry T : 
(supp(mi), di) —7- (supp(m2), d2) such that Tjjmi = m2. Any such T is called isomorphism. 

Notice that in the definition of isomorphism only the portion of the space where the measure 
is concentrated matters, so that (X, d,m) is always isomorphic to (supp(m), d, m). For this 
reason and in order to simplify the terminology, in the following when saying that a certain 
subset j4 of X is bounded (resp. compact) we will always implicitly mean that A n supp(m) 
is bounded (resp. compact). 



We turn to the definition of metric measure space with Ric > and dim < N according 
to Lott-Sturm-Villani ([50], [65]). For X G (1, 00) define uat : [0, 00] ^ M by 




un{z) : 



= —z 
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and define the functional Un '■ ^{X) — )• MU {—00} by 

U^iij) ■= J un{p) dm, fi = pm + p^, p'^ ± m. 

In the hmiting case = 1 we put 

Ui(^) := -m({p > 0}), /.i = pm + /.f'', ± m. 

Definition 3.4 {CD{0,N) spaces) Let N G [l,oo) and (X, d,m) a metric measure space. 
We say that (X, d,m) is a CD{0,N) space provided for any fio,pi E ^{X) with supports 
contained in supp(m) there exists vr E OptGeo(/io, Pi) such that 



UN'{{et)i7v) < {l-t)UN'{lio) + tUN'{lii), Vt E [0,1], 



(3.1) 



for every N' > N. 



In the following proposition we recall the Bishop-Gromov volume estimates on CD(0,N) 
spaces proved in [50] and [65]. For x E supp(m) we shall put Vxir) := m{Br{x)) and Sx{r) := 



lim, 



£4,0 ■ 



Vx{r+e)-Vx{r) 



Proposition 3.5 (Generalized Bishop-Gromov estimates) Let {X,d,m) be aCD{0,N) 
space and x E supp(m). Then v^(r),Sx(r) < 00 for every r > and 



f ^ V2,(r) is locally Lipschitz and 
R+ Br 

3.1.3 Sobolev functions 



IS non-mcreasmg, 



IS non-mcreasmg. 



(3.2) 



(3.3) 



Here we recall the definition of Sobolev function on a metric measure space (X, d,m). The 
definition is taken from [5] (along the presentation given in [33]), where also the proof of the 
equivalence with the notions introduced in [19] and |61j is given. See also [6]. 

Definition 3.6 (Test Plans) Leti^ E ,^(C([0, 1],X)). We say thatn is a test plan provided 

(et)j7r<Cm, VtE[0,l], 

for some constant C > 0, and 



|7fp dt7r(7) < 00. 

Notice that in particular according to the convention \jt\'^dt = +00 if 7 is not absolutely 
continuous, any test plan must be concentrated on absolutely continuous curves. 

Definition 3.7 (The Sobolev class S^(X,d,m)) The Sobolev class S^{X,d,m) (resp. 
S^jj^(X, d, m) j is the space of all Borel functions / : X — t- R such that there exists a non- 
negative G E L^(X, m) (resp. G E Li^^{X,d,m)) for which it holds 



1/(71) -/(7o)|d7r(7)< // G(70l7ddtd7r(7) 



Vtt test plan. 



(3.4) 
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Here and in the following by Lf^^ {X, m) we intend the set of Borel functions / such that for 
every x £ X there exists an open set Q,x ^ x such that / S L'^{^lx,m). 

It turns out that for / G S^(X, d,m) there exists a minimal G in the m-a.e. sense for 
which ()3.4p holds: we will denote it by \Df \ and call it minimal weak upper gradient (this 
terminology is the standard one in the setting of analysis in metric measure spaces, yet, being 
this object defined in duality with speed of curves, it is closer to the norm of a cotangent 
vector rather to a tangent one, whence the notation used). 

The minimal weak upper gradient \Df\ is a local object, in the sense that for / £ 
SfQj,(X, d,m) we have 

|L>/|=0, on/-^(A^), yXcR, with £^(iV) = 0, (3.5) 

and 

\Df\ = \Dg\, m-a.e. on {/ = g}, yf,ge SL(^,cl,m). (3.6) 
Also, for any / G S^(X, d,m), vr test plan and t < s G [0, 1] it holds 

1/(7.) - fht)\ < l^/l(7r-)l7r-| dr, 7r-a.e. 7. (3.7) 

In particular, the definition of Sobolev class can be directly localized to produce the notion 
of Sobolev function defined on an open set ^ d X: 

Definition 3.8 Let Vt d X he an open set. A Borel function f : Vt ^ X belongs to 
S^jj^(r2, d, m) provided for any Lipschitz function X : X — ?• M with supp(x) C 0, it holds 
fx e Sf„^(X,d,m). In this case, the function \Df\ : — t- [0,oo] is m-a.e. defined by 

\Df \ := \D{xf)\, m-a.e. on X = 1, 

for any X as above. Notice that thanks to (|3.6|) this is a good definition. The space S^(f^) C 
SfQ^(r2) is the set of f 's such that \Df\ £ L'^{Q,m). 

The basic calculus properties of Sobolev functions are collected below. C X is open and 
all the (in)equalities are intended m-a.e. on 0. 

Lower semicontinuity of minimal weak upper gradients. Let (/„) C S^(r2,d,m) and / : — )• 
M be such that fnix) — )• f{x) as n — )• 00 for m-a.e. x G O. Assume that (|D/„|) converges to 
some G G L^(r2,m) weakly in L^(r2,m). 

Then / G S'^{n) and \Df\ < G m-a.e.. 
Weak gradients and local Lipschitz constants. For any / : X — t- M Lipschitz it holds 

\Df\ < lip(/). (3.8) 

Vector space structure. Sj^Qj,(ri, d, m) is a vector space and it holds 

\D{af + f3g)\ < \a\\Df\ + \f]\\Dg\, for any /,(? G SL(^^,cl,m), a,/3 G M, 

similarly for S^($7,d,m). 

Algebra structure. SfQ^(r2,d,m) n L5^^(0,m). is an algebra and it holds 

\D{fg)\<\f\\Dg\+g\Df\, for any /, 5 G SL(f^, d, m) n Lj^,(0, m), (3.9) 
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and analogously for the space S^(J7,d,m) H L°°{Q,m). Similarly, if / G SfQj.(0, d, m) and 
(7 : J] — )• M is locally Lipscliitz, then fg G S^Qj,(il, d, m) and the bound (|3.9p holds. 
Chain rule . Let / G S^Qj,(r2, d, m) and 93 : M — )• M with the following property: for any x G 
there exists a neighborhood Ux C J7 of x and an interval /j; C M such that m{f~^ {M\Ix)riUx) = 
and the restriction of to Ix is Lipschitz. Then 93 o / G Sj^Qj,(r2, d,m) and 

\D{ipof)\ = \^'\of\Df\, (3.10) 

where \ip'\ of is defined arbitrarily at points where ip is not differentiable (observe that the 
identity (jS.Sp ensures that on /~^(3sf) both \D{ip o f)\ and \Df \ are m-a.e., N being the 
negligible set of points of non-differentiability of </?). In particular, if / G S^(f],d,m) and if is 
Lipschitz, then o / g S^(r2, d,m) as well. 

Finally, we remark that from the definition of Sobolev class it is easy to produce the 
definition of Sobolev space VF^'^(X, d, m): it is sufficient to put 

W^'^{X,d,m) := L2(X,m) nS^(X,d,m) (3.11) 

the corresponding 1^^'^-norm being given by 

11/11^1,. := ll/lli^ + iiiD/iiii.. 

An analogous definition works for the Sobolev space VK^'^(r2, d, m) for C X open. As a 
consequence of the lower semicontinuity of minimal weak upper gradients one easily gets that 
VF^'^(r2, d, m) is a Banach space for every C X open, see for instance the argument in 
Theorem 2.7 in [l9]. 

To simplify the notation, in the following we will often write W^''^{X), S^q^(X), S^Q^(r2) 
ecc. in place of W^''^{X,d,xn), S'^^^{X,d,m), S^Q^(0,d,m). Similarly, we will write U'{X), 
LP{n), L'l^in) in place of LP{X,m), LP(J^,m), Lf^^(Jl,m). 

In [5] the following approximation result has been proved: 

Theorem 3.9 (Density in energy of Lipschitz functions in M^^'^(X, d, m)) 
Let (X, d,m) he a metric measure space. 

Then Lipschitz functions are dense in energy in VF^'^(X), i.e. for any f G VF^'^(X) there 
exists a sequence (/„) C VK^'^(X) of Lipschitz functions such that fn f, \Dfn\ — \Df\ and 
lip(/n) — >• \Df \ as n ^ 00 in L^(X). 

Furthermore: 

• ifm gives finite mass to bounded sets, then the fn 's can be chosen with bounded support 
for every n G N, 

• if (supp(m),d) is proper, then the fn's can be chosen with compact support for every 
n G N. 

See [6] for a stronger version of this theorem. 
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3.1.4 Differentials and gradients 

Here we recall the definition of duality relation between differentials and gradients of Sobolev 
functions as given in [H^. Notice that we are not going to define what the differential and 
the gradient of a Sobolev function are, but only the 'value of the differential of / applied to 
the gradient of g\ More precisely, we will define two functions f{S/g) which in the case 
of normed spaces are the maximal/minimal values of the differential of / applied to all the 
possible gradients of g. Recall indeed that on (M'^, || • ||) the gradient of a smooth function 
might be not uniquely defined if the norm || • || is not strictly convex (see e.g. the introduction 
of |34] for a quick glance at this sort of problematic). 

Definition 3.10 (The objects D^f{Vg)) Let Q C X be open and f,g £ Sfod^)- 
functions f{SJg) : — t- M are defined m-a.e. hy 



e>o 2e 

\D{g + ef)\''-\Dg[^ 



D-f{Vg) = sup 

e<0 

Notice that the m-a.e. convexity of e i— )■ ^\D{g + grants the the inf£>o and sup^^Q in 
this definition can be substituted with lim£|o cind limei-o respectively. 

The following calculus rules hold, 0, C X being any given open set. 
Basic properties. For any f,g € S^(r2) we have 



D-fiVg) < D+fiVg), 
\D^f{yg)\ < \Df\\Dg\, 
D+{-f){Vg) = -D-f{Vg) = D+f{Vi-g)), 
D^fiVf) = \Df\^ 



(3.12) 



m-a.e. on ft. 

1-Lipschitz continuity of differentials. For any f,f,g£ Sf^^{il:) it holds 



\D^fiVg) - D^f{Vg)\ < \D{f - f)\ \Dg\, m-a.e. on 0. 

Locality. For any f,f,g,g G S^Q^(r2) it holds 

D^f(Vg) = D^f{Vg), m-a.e. on {f = f} n {g = g} nfl. (3.13) 

Leibniz rule for differentials . For any C X open, /o, /i G Sj^Qj,(f]) n LJ^^(f]) and g £ Si^^{Q,) 
it holds 

D+{fofi){Vg) < foD'^MVg) + hD'^fo{Vg), 
D-{fofi){Vg)>foD-'^h{Vg) + hD-^-fo{Vg), 

m-a.e. on Q, where Si = sign/j, i = 1,2. 

Chain rules . For f,g£ S^(r2) and : M — )• M Lipschitz it holds 

D^iv o f){Vg) = ^'of I)±-s-('^'°/)/(V5), 

, ■ . / ^ (3.15) 

D^f{V{^ og))=^'og °^V(V5), 
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m-a.e. on 0, where i-p' is defined arbitrarily at points where 99 is not differentiable. The 
Lipschitz continuity of ^ can be relaxed as in the chain rule (j3.10p . 
We will also use the equality 

D~ f{V{g+ef)) = f{V{g+ef)), m-a.e. on f], for every e except a countable number, 

(3.16) 

which follows from the the first inequality in (j3.12p and the fact that ^ ^ Jq \D{g + ef)\'^ dm 
is convex, thus its left and right derivatives are equal for every e except a countable number. 

The definition of D^f{\/g) also allows to state and prove a crucial first order differentiation 
formula. Notice at first that for g £ 8^(0) and tt test plan such that supp((et)j7r) C for 
every t £ [0, 1], an easy consequence of the definitions is that 

Hm I ^M^^d7r(7) < ^ ^ |I)<7l'(7o) d7r(7) + ^ hm 1 JJ^^l' ds d7v{j). (3.17) 

In a smooth setting, the opposite inequality holds if and only if j'q = 'Vg{'yo) for vr-a.e. 7. 
This remark and the fact that in inequality (I3.17P the behavior of curves in the support of tt 
is relevant only for t close to 0, justify the following definition: 

Definition 3.11 (Plans representing gradients) Let Q C X be an open set, g G S^(r2) 
and TT e ^{C {[0,1], X)) apian. 

We say that tv represents Vg in O provided for some T E (0, 1] it holds supp((et)j7r) C 
and (et)jj7r < Cm for every t S [0, T] and some C > 0, f \ jt\'^ dt d7r(7) < 00 and furthermore 

lim/ ^M^^d7r(7)>^ / \Dg\\^o) dTvi^) + [ f \^,\' ds d7v{^). (3.18) 

See Section 3.2 in |34j for a general existence theorem of plans representing gradients. With 
this notion at disposal, we can study the limit as t ^ of the incremental ratios 

^ d7r(7), 

where / is Sobolev and tt represents the gradient of some other Sobolev function g. It is 
certainly expected that such 'horizontal' limit is in relation with the 'vertical' limit used in 
the definition of D^f{Vg). This is indeed the case: 

Proposition 3.12 (First order differentiation formula) Let Q C X be an open set, 
f,g G S^(0) and tv £ ,^{C{[0,1], X)) be representing Vg in Q. 
Then 



I i^"/(V<7)(7o)d7r(7) <lim / ZM_/M d7r(7) 

< hm| ZM^/Md7r(7) < j Z)+/(V<7)(7o)d7r(7). 
proof Write inequality (j3.17p for the function g + ef and subtract inequality (|3.18p to get 

j lM_IMd^{^)<^ J \D{g + ef)\\^o)-\Dg\\^o)dTv{^). 
Divide by e > (resp. e < 0) and let e | (resp. e t 0) to conclude. □ 
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3.1.5 Infinitesimally strictly convex spaces 

Following [31] we introduce a class of metric measure spaces resembling Finsler manifolds 
such that for a.e. x the norm in the tangent space at x is strictly convex. The fact that a 
norm is strictly convex if and only if its dual norm is differentiable and that in a smooth 
framework the object \Df \ is the (dual) norm of the distributional differential of / is at the 
basis of the following definition: 

Definition 3.13 (Infinitesimally strictly convex spaces) We say that (X, d,m) is in- 
finitesimally strictly convex provided 

[ D+f{Vg)= [ D-f{Vg), for any f,g e S^{X,d,m). 
Jx Jx 

The first inequality in (]3.12p and the locality property (I3.13P ensures that if (X, d,m) is 
infinitesimally strictly convex and C X is open, then for every f,g £ S^(0), it holds 
D~^f{yg) = D~ f(Vg) m-a.e. on Q. Such common value will be denoted by Df{Wg). 

On these spaces, the general calculus rules presented before simplify, for Q C X open we 
have: 

1-Lipschitz continuity of differentials. For any f,f,g G §^^^,(0) it holds 

\Df{Vg) - Df{Vg)\ < \D{f - f)\ \Dg\, m-a.e. on Q. 
Locality . For f,f,g,g G S^^iQ) it holds 

Df{Vg) = Df{Vg), m-a.e. on {/ = /} n {5 = 5}- (3.20) 

Linearity of the differential. For /q, fi,g G S^(il) and uq, ai G M it holds 

D{aofo + aifi){Vg) = aoDfo{Vg) + aiDfi{Vg), m-a.e. on Q. 

Leibniz rule for differentials . For /o, /i G S'^{n) n L°^{n) and g G S^{n) it holds 

D{fofi){V9) = foDfiiVg) + fiDfo(Vg), m-a.e. on n. 

Chain rules . For f,g£ S^{Q,) and : M — t- M Lipschitz it holds 

Di^of){Vg) = ^'ofDf{Vg), 
Df{V{^og))=^'ogDf{Vg), 

m-a.e. on 0, where ip' is defined arbitrarily at points where (p is not differentiable. The 
Lipschitz continuity of if can be relaxed as in the chain rule (jS.lOp . 

First order differentiation formula . For f,g € S^(il) and tt representing the gradient of g in 
it holds 

J ZM^/M d7r(7) = J I)/(V5)(7o)d7r(7), (3.21) 
in particular, the limit at the left-hand side exists. 
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3.1.6 Measure valued Laplacian 

The definition of tfie object Df(\/g) allows to integrate by parts. In particular we can give a 
meaning to the equation A.g = fi for a Sobolev function g and a measure fi. 

Definition 3.14 (Measure valued Laplacian) Let {X,d,m) be an infinitesimally strictly 
convex space, and g G S^q^(X, d, m). We say that g is in the domain of the Laplacian, and 
write g G D{A.), provided there exists a Radon measure fi on X such that 

- j Df{Vg)dm = j fdfi, (3.22) 

for any Lip schitz function / : X — )• M in L^(X, |/i|) such that supp(/) is bounded and of finite 
m measure. 

It is clear that g £ D{A.) the measure fi satisfying (|3.22|) is unique: we will denote it by 
A^, the bold notation standing to remember that we deal with a measure valued Laplacian, 
possibly absolutely continuous w.r.t. m. This definition of Laplacian directly generalizes the 
one available in the smooth Finsler setting (see e.g. [62]). Notice that in general the Laplacian 
is not a linear operator and similarly -D(A) might be not a vector space. These properties 
will be granted if we further assume that (X, d, m) is infinitesimally Hilbertian, an assumption 
that we will do from the next chapter on. 

Yet, 1-homogeneity of A is granted, i.e. for g G L){A.) and a G M we have ag G -D(A) 
and A.{ag) = aA.g. 

One of the main results in [3l] is that on an infinitesimally strictly convex CD{K, N) space, 
for the distance function it holds the same Laplacian comparison that holds on Riemannian 
manifold with Ricci curvature bounded from below by K and dimension bounded above by 
A^. The basic idea to get the result is to combine the first order differentiation formula 

InnMf^i^ikM = _^ I o(,.-*,(v^)d™. (3.23) 

valid in a smooth Finsler world, where (/i^) is a geodesic induced by the Kantorovich potential 
if and Ho = pm, with the curvature-dimension condition. For example, for /xi = 5x we can 
take ip := ^-^2£i independently on the chosen /zq and in the CD{0,N) case we get 
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< ll7v(Aii) - U7v(Aio) = j P^"^ dm, Vt G (0, 1], 



so that the sharp Laplacian comparison estimate for (p follows this inequality, (j3.23p and the 
arbitrariness of p. 

Part of the job carried out in [M] was to prove formula ()3.23|) in the non-smooth world 
with a > in place of the =. We mention in particular one issue, given that later on we will 
face a similar problem. The convexity of ujv yields 



1 1 



Uat (^t) - l[7v(^o) . [. IW -1 ,Mt-MO A l\ f p ^ °et- p N oqq 

where tt is any lifting of (pt)- It turns out that tt represents the gradient of —93 in quite high 
generality (by the metric Brenier theorem proved in [S] , see also Section I5.1.2p , thus formally 
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letting i 4- cind using the first order differentiation formula we obtain exactly the right hand 
side of (j3.23p . However, in practice this might not work if for t > the support of fit is not 
contained in the one of fiQ (which is often the case): the problem is that the term p~iv o e( 
would be equal to +oo on a set of positive vr-measure, thus destroying all the informations. 

To get around this issue, in [M] two propositions have been used: one to prove that 
whenever supp(/Ltj) C supp(/Uo) holds for any t G [0, 1] indeed the computation can be carried 
out, and another one to show that one can always reduce to such well behaved case. They are 
recalled below in the formulation that we will need later on. 

Proposition 3.15 (Bound from below on the derivative of the internal energy) 

Let (X, d,m) be an infinitesimally strictly convex CD{0,N) space and fiQ G ^(X) a measure 
with bounded support such that fiQ <^ m, say fiQ = pm. Assume that supp(/Uo) = with 
bounded, open and such that m{dQ) = 0. Assume also that the restriction of p to ^} is Lipschitz 
and bounded from below by a positive constant. Also, let pi G ^{X) and it € OptGeo(//o, A*i)- 
Assume that supp((ei)jj7r) C for every t G [0, 1] and that 'UAr((et)(j7r) — >• \Lm{po), as i | 0. 
Then ' 

limM(!iM^MM!L) > _ 1 / Z)(pi-^)(V^)dm, (3.24) 

where ip is any Kantorovich potential from pQ to pi which is Lipschitz on bounded sets. 

Notice that the integrand in the right-hand side of (j3.24p is well defined because p^^N'jip G 
S2(Q). 

Proposition 3.16 Let (X, d,m) be a proper geodesic metric measure space, : X — t- M a 
locally Lipschitz c-concave function and B C X a compact set. Then there exists another 
locally Lipschitz c-concave function : X — >■ M and a bounded open set Q D B such that the 
following are true. 

i) ip = 'p on B. 

a) For any x £ X , the set d^(p{x) is non empty. 

Hi) For any x £ y £ d^(p{x) and 7 G Geo(X) connecting x to y it holds 7^ G for any 
t G [0,1]. 

iv) m{dn) = 0. 

Finally, we recall that with a limiting argument similar to the one used in the smooth context 
gives the following result, see the last proposition in |34j for the proof. 

Proposition 3.17 (Laplacian comparison for the Busemann function) Let (X, d,m) 

be an infinitesimally strictly convex CD{0,N) space, N < 00, such that W^''^{Q,d,m) is 
uniformly convex for any 17 C X open. Assume that there is an half line 7 : M"*" — ?• supp(m) 
and let h be the Busemann function associated to it as in formula (j2.3p . 
Then h G -D(A) and Ab > 0. 
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3.2 Result 



Throughout this section we will assume that 

(X, d,m) is an infinitesimally strictly convex CD{0,N) space, 

d, m) is uniformly convex for any C X open, 
7 : R — )• supp(m) is a line, b , b~ are the associated Busemann functions, 
the identity b"*" + = holds on supp(m). Put b := b"*" 

It is unclear to us whether the identity b"*" + b~ = on supp(m) can be deduced or not from 
the other hypothesis. It is so in the smooth Finsler case, but in the non-smooth one it is 
currently not available a version of the strong maximum principle sufficient to get such result, 
see the discussion at the end of [38]. In [38], it has been proved that indeed b"*" + b~ = holds 
on infinitesimally Hilbertian spaces, see also Section 14.1.41 

Notice that the assumption b"'" + b~ = on supp(m), the inequalities A(b^) > and the 
1-homogeneity of the distributional Laplacian trivially yield 

Va G M it holds ah G ^(A) and A(ab) = 0. 

We further remark that the results of the previous chapter can be used, provided we 
replace (^, d) with (supp(m),d) in all the instances. In this sense, notice that multiples of b 
are known to be c-concave only in the space (supp(m),d), the cost c being the restriction of 
^ to [supp(m)]^ (being c-concavity a global notion, it could be destroyed by how the distance 
behaves on X \ supp(m)). Thus here and throughout all the paper, when referring to the 
c-concavity of ah we will always implicitly speak about the c-concavity of its restriction to 
supp(m), also, the set d'^{ah) will be thought as a subset of [supp(m)]^. 

We now turn to the proof of existence, uniqueness (in an appropriate class) and preser- 
vation of the measure of the gradient flow of b. It will be technically convenient to work for 
a while with 'multivalued' gradient flows, more precisely, with maps from X to the space 
of probability measures concentrated on curves in such a way that for m-a.e. x the measure 
associated to x is concentrated on gradient flow trajectories of b passing through x at time 
0. According to point {iii) of Theorem 12.31 the study of such maps can be reduced to the 
study of maps T : X — )• ^(X) such that for some a E M we have supp(Ta(2;)) C d'^{ah){x) 
for m-a.e. x £ X. 

Given a Borel map T : X — )■ ^(X) and a non-negative Borel measure n on X the 
non-negative Borel measure T^n on X is defined by 

T^n{E) := j T{x){E) dn{x), C X Borel. 

Notice that if T{x) = 5x(x) for every x £ X and some Borel map T : X ^ X, then Tf^n = T^n. 

Proposition 3.18 (Existence) Assume (I3.25P and let a € M. Then there exists a Borel 
map Ta.: X ^ ^{X) such that 

• supp(Ta(x)) C d^{ah){x) for m-a.e. x £ X, 

• (Ta)jm<m. 
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proof It is not restrictive to assume > 1 (N being the dimension bound in the CD{0,N) 
condition). 

With a patching argument, to conclude it is sufficient to show that for every bounded 
Borel set E C X with m{E) > there exists a Borel map Ta E ^ 0^{X) satisfying 
supp(Ta(x)) C d^{ah){x) for m-a.e. x £ E and (Ta)u(m|^) ^ m. Fix such E and let E' be 
the |a|-neighborhood of E: 

E' ■.= {xeX : d{x,E) < \a\}. 

It is immediate to verify that the closed valued map x i— t- d^{2ah){x) satisfies the assumptions 
of Theorem 13. H thus there exists a Borel map T : X ^ X such that T{x) G d'^{2ah){x) for 
any x £ X. 

Define fi := m(£')~^m|^, u := Tf^fi and let vr G OptGeo(/i, i^) be such that (j3.ip is satisfied 
(it exists because fi - and thus by (|2.13p also v - has bounded support). Let {tt^} be the 
disintegration of tt w.r.t. eo and notice that since by construction 2ab is a Kantorovich 
potential from ^ to taking into account that (9'^(2ab)(x) is closed for every x G supp(m) 
we get that for n-a.e. x it holds supp((ei)|j7ra:) C d'^{2ah){x). Put a := (ei/2)tt7r and write 
a = pm + (T* with a* _L m. The inequality (|3.ip . the fact that UtvIa*) = — m(£')^/^ and the 
trivial bound IXAr(i^) < give UAr((T) < — ^^^^^ — • By construction, point (iii) of Theorem [27 
and ()2.13p a is concentrated on E', thus from 

Af-l 
JV 



1 . / / \ " , 1 



^^^^ ^ < -Ujv((t) = / p^^^dm= [ p^-^dm<( / pdm) m(^') 

Jx Je' 



N 



X 



2 

we deduce 

Let ^ C X be a Borel set where pm is concentrated and such that <j'^{A) = 0, so that 

(6i/2)tt(^| _i ) = and notice that (eo)jj(7r I )< /U and in particular (eo)jj(7r| _^ ) <^ 

\c-^^^(A) \e-^^^^{A) \c-^^^{A) 

m, say (eo)jj(7r| _j ) = p^m. Put Eq := {p^ > 0} and notice that since po < m{E)~^ we 
have ^f^} > Jx Po dm = tti (Geo(X)) = pdm and thus (]3.26p yields 
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, , m(i?)^-i N_ 

m{Eo)> ^ ' , 2 iv-i. 

nx(^') — 

Define m-a.e. on Eq the map : £"0 ^(X) by putting Ta(a;) := ((eo, ei/2)tj7r| _i Jx, 
where {((eo, ei/2)t)7r| _i is the disintegration of (eo, ei/2)tt7r| _ G ^(X^) w.r.t. the 

projection on the first marginal. Notice that is Borel. 

Since supp((eo, ei)jj7r) C (9'^(2ab), by point {iii) of Theorem l2.3l we have supp((en. e^ /2)tf7r) C 
5^(ab) and thus supp(T(i(x)) C d'^{ah){x) for m-a.e. x G Eq. By construction it is also clear 
that (T,)j(m|^^) <m. 

Now we repeat the construction with E replaced by \ £"9 to get a Borel set Ei C E\Eq 
with 

iV 

m(£0 > ^(^\^o)-2-^ 
m(£')^ 



33 



and an extension of to Eq U Ei satisfying supp(Ta(x)) C d'^{ah){x) for m-a.e. x £ EqU Ei 
and (TJB(m|^^^^^) <m. 

Iterating the construction a countable number of times we produce a family {E'jjjgN of 
Borel sets which covers E up to m- negligible sets and a Borel map : E — ?• ^(X) defined 
m-a.e. satisfying supp(Ta(x)) C (9^(ab)(x) for m-a.e. x € E and (Ta)n(m|g) ^ m, which is 
the thesis. □ 

The uniqueness and measure preservation results are based one the following inequality, valid 
for couples of measures such that ah is a Kantorovich potential for them. 

Proposition 3.19 (Energy inequality) Assume (|3.25|) and let £ 3^2{X) be two mea- 
sures with bounded support such that for some a G M the function ah is a Kantorovich potential 
for the couple {^,v). Assume also that ^ ^ m. 
Then 

proof It is not restrictive to assume > 1. Let be a bounded open set containing supp(^) 
and if), O be given by Proposition 13.161 with ah in place of f and Oq in place of B. Let 
T G ^2(^^) be an optimal plan from ^ to u and denote by {"Y^} its disintegration w.r.t. the 
projection onto the first marginal. Observe that Y := Ux^nd'^'^ix) is bounded and thus the 
space ^{Y) endowed with the weak* topology is a Polish space. It is then easy to check that 
we can apply the Borel selection Theorem 13. II with Q in place of X and ^{Y) in place of X' 
to find a Borel map T : — )• ^{X) such that for any x £ Q it holds supp(T(x)) C d'^(p{x) 
and for /x-a.e. x it holds T(x) = "y^- Notice that Tj/x = v. 
From the definition it directly follows that 

||Ttj(Ti - TjfT2||TV < Ikl - 0-2||tV, V(Ji,(T2 G SUpp(fTi ) , SUpp(fT2) C fi, (3.27) 

and from the fact that ujv(z) = —z^~'n has sublinear growth it is easy to deduce that 

supp((T„) C Vn E N, lim ||cr„ — o"||tv = =^ lim llAr((T„) = 'L[7v((7). (3.28) 

Let p be the density of ^ and find a sequence (p„) of probability densities such that supp(/9„) C 
1-- 

Q.Q and pn ^ is Lipschitz for every n G N and satisfying \\p — Pn\\L^{x) ~^ 0- Put := Pn^, 
Vn ■= T^pn and notice that (13.271) and (I3.28P give 

y^NiPn) — ^ y^Nip) and 'UAr(z/,„) — )• Un{i^) as n — )• oo. (3.29) 

1_ -L N 

For n S N and e > define pn,e '■= Cn,e{Pn ^ + e) '^^^ on (7 and pn,e := on X \ 17, Cn,e being 
the normalization constant. Put pn,e '■= Pn,e^ and 1^11,6 ■= T((/Xn,e so that again from p.27p 
and (j3.28p we obtain 

UN{Pn,e) ^ "^NiPn) and "U-Nlun^e) ^ ^Nii^n) as E I for every n S N. (3.30) 

By construction, pn^e and Un^e have support bounded and contained in supp(m) (for the latter 
replace if necessary X by supp(m) in all the instances), thus the CD{0, N) condition ensures 
that there exists 7Vn,e S OptGeo(/in,£> i^n,s) for which (j3.ip holds and notice that p.ip and the 
weak lower semicontinuity of Hat on sequences with uniformly bounded support ensures that 
ViN{i^t)i'^n,e) ~^ '^N{pn,£) as i J, 0. Also, the construction ensures that is a Kantorovich 
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potential for {fin,e,^n,e) and therefore point (Hi) of Proposition 13.161 yields that {et)f,7Vn,E 
is concentrated on Q for every n,e,t. Given that the restriction of pn^e to f2 is Lipschitz 
and bounded from below by a positive constant, all the assumptions of Proposition 13.151 are 
fulfilled and for every n G N, e > we get 

40 t JQ JQ 

By dSI]) we have U^(i^n,e) - UN{l-in,e) > for any t G (0, 1] and e > and 

thus recalling (j3.30p and the obvious limit relation Cn,e t 1 as e | we deduce 

U^K) -U^(/x„) > -4 / D(pn"^)(Vv9)dm. 

Now recall that supp(/_i„) C for every n G N and that = ab on r2oi so that by the locality 

i„j_ 

property (j3.20p and the fact that pn is Lipschitz with compact support we get 

Jn JUo JQo 

and therefore U]\f{i^n) — y^NiPn) > 0. Recalling the limiting relations ()3.29p we get the thesis. 

□ 

We can now prove the uniqueness result. 

Proposition 3.20 (Uniqueness, measure preservation and single value property) 

Assume ()3.25p and let a G M. 

Then there exists a unique (up to m-a.e. equality) Borel map : X — )• ^{X) such that 

i) supp(Ta(x)) C d^{ah){x) for m-a.e. x G X, 

a) (Ta)jjm < m. 

Furthermore, Ta{x) is of the form T(j(x) = for m-a.e. x £ X for some Borel map Ta : 

X ^ X which is m-a.e. invertible, its inverse being T^a (i-s. Ta(T_a(x)) = x = T^a{Ta{x)) 
for m-a.e. x £ X) and satisfies 

{Ta)im = m. 

proof 

Single value property Let T : X — )• ^(X) be such that {i),{ii) of the assumptions are 
fulfilled and S be the set of equivalence classes of bounded Borel subsets of X with positive 
m-measure where we identify two sets whose symmetric difference has m-measure. 

We define a map : S — )• 23 as follows. For £^ G S let /u := m(-E)~^m|^ (/i depends only 
on the equivalence class of E), consider := {Ta)iP and notice that by {ii) we have <C m, 
say z> = pm. Then put R{E) := {p > 0}. 

We claim that 

m{R{E)) =m{E), G (3.31) 

Indeed, given E € "B and p, v as above, the assumption (z) grants that ah is a Kantorovich 
potential from pXo v and thus by point (i) of Theorem 12.31 we get that — ab is Kantorovich 
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potential from v to /.i. By construction, we have ^ m and thus Proposition 13.191 yields 
y^Nip-) > 'f^Af(i^)- Therefore 

-m{E)7f = Ujv(/x) > UAr(z^) > -m{R{E))-7r^ 

where the second inequality follows from Jensen's inequality and the fact that v in concen- 
trated on R{E). 

Now define 7 G ^{X^) by 7(A x B) := Taix){B) dfi{x) for every A,B C X Borel so 
that 7rj7 = ^ and Tr^j = v. Let 7 G ^(X^) be given by d^{x,y) := ^^7pj(i))^d7(x, y), 
p being the density of u, and put fl := Trj'y, v := vr^7- By construction it holds u = 
m{R{E))~^mi and fl is concentrated on E, thus arguing as before we get 

~xn{R{E))^ = UN{i>) = UNifl) > -m{E)-^, 

and our claim (j3.3ip is proved. 

Now assume by contradiction that Ta(x) is not a Dirac delta for a set of x of positive 
tn-measure. Then using the Borel selection result stated in Corollarv 13.21 it is easy to see that 
there exists r > 0, a bounded Borel set E with m{E) > and two Borel maps : E ^ X, 
i = 1,2 such that T'{x) G supp(Ta(x)) for m-a.e. x e E, i = 1,2, d{T^{x),T^{x)) > r for 
m-a.e. xe E and diam(ri(E)) < r/3. Define two Borel maps : X ^ ^{X), i = 1,2, by 



T\{x) :-- 



Ta{x) iix^E, 



where Ci{x) := (T(j(x) (i?r/3(^*(2^)))) ^ = 1)2, is the normalization constant. By con- 
struction the maps T^, i = 1,2, satisfy the properties in the assumption, hence 
defining the associated maps i?* : S — )• S as we previously did for T^, we get m{E) = 
m{R^{E)) = m{R'^iE)). The contradiction comes from the fact that by construction it holds 
R^{E) n R'^{E) = and R{E) D R^{E) U R'^{E), thus 

m(^) = m{R{E)) > m{R^{E) U R^{E)) = m{R^{E)) + m{R^{E)) = 2m{E). 

We therefore deduce that for some Borel map Ta : X ^ X it holds Ta(x) = Sj'^[x) m-a.e. 

X. 

Uniqueness Assume that : X — )■ ^(X) also fulfills the assumptions. Then also the map 
X !->• ^(Ta{x) + 'Ta{x)) would do so, and if Ta(2;) 7^ Ta(x) for a set of positive m-measure, then 
|(Ta(x) + Ta{x)) would not be a Dirac delta for a set of positive m-measure, contradicting 
what we just proved. 

Invertibility Apply Proposition 13.18] with —a in place of a to find a Borel map T_a fulfilling 
(i), {ii) of the thesis. Hence it satisfies the assumptions of the current proposition and by what 
we just proved we know that T_a(a;) = St_^(x) for m-a.e. x for some Borel map T_a : X — )• X. 

Let T] := (Id, T_a)jjm and {r]^}x£X its disintegration w.r.t. the projection onto the second 
coordinate. Notice that since vr^r/ = (T_a)jjm <C m, r/^ is well defined for m-a.e. x ^ {p > 0}, 
where p is the density of (T_a)jjm w.r.t. m. Define m-a.e. the Borel map : X — )■ ^(X) by 



Taix) :-- 



Vx^ if p{x) > 0, 
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It is clear by the construction that fulfills the assumptions (i), (ii) of the proposition. Thus 
by the uniqueness statement that we proved it follows that Ta(x) = 5x^(x) for m-a.e. x, which 
easily implies Ta{T_a{x)) = x for m-a.e. x. Inverting the roles of and T_a in this argument 
we also get T^a{Ta{x)) = x for m-a.e. x. 

Measure preservation We shall prove that (T_Q)jm = m, the proof for being similar. 
Observe that the identity Ta(T_a(x)) = x valid for m-a.e. x gives 

m({T-\Tzl{E))\E)u{E\T-\Tzl{E)))) = V Borel C X (3.32) 



Also, by definition we have {Ta)^m <^ m and (T_a)jm ^ m, therefore m = (T_a)j(Ta)jm ^ 
{Ta)fn < m i.e. 

m(E) = ^ m(T-^(^)) = 0, V Borel C X (3.33) 

Let R-.'B^'Bhe defined as in the first step of the proof and for E G 23 let := m(£')~^m|^ 
and V := {Ta)^n, as before. Then for every Borel ^ C X we have 

m{R{E)nA)>0 ^ i^{A)>0 <^ fi{T~^{A))>0 ^ m{E nT^^iA)) > 

by ^ ^ m{T-HT:^{E))nT~\A)) > 

^ m{T-'{Tl^iE)nA))>0 

by (f333D ^ m{TZ^{E) nA)>0. 

which shows that the symmetric difference between R{E) and TZa{E) has m- measure. The 
conclusion follows from the arbitrariness of G 23 and (I3.3ip . □ 

Collecting together all these results, we can now prove the main result of this chapter. 

Theorem 3.21 (The gradient flow of b preserves the measure) Assume (I3.25p . 
Then there exists a Borel map F : X x M — X such that the following are true. 

i) For m-a.e. x £ X the curve M 9 i i— )■ Ff{x) is a gradient flow trajectory of h passing 
from X at time t = 0. In particular it holds 

d{Ft{x),Fs{x)) = \t - s\, Vt, s G M, m-a.e. X. (3.34) 

ii) For any t gM. it holds 

(Ft)jm = m. (3.35) 

Hi) For any t, s G M it holds 

FtoFs = Ft+s, m-a.e.. (3.36) 

The map F is unique in the following sense. Let to < < ti and F : X — )• ^{C{[tQ,ti], X)) 
be a Borel map satisfying: 

i') For m-a.e. x £ X and F{x)-a.e. ^, 'j is a gradient flow trajectory ofh passing from x 
at time t = 0. 

ii') For any t G [to,ti] it holds (Ff)jm ^ m, where Ft : X — )• ^(X) is defined by Ft(x) := 
(et)s(F(x)). 
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Then F{x) is concentrated on the curve [tQ,ti] 9 i i— )• Ft{x) for m-a.e. x £ X. 

Note: the uniqueness part gives in particular that if a Borel map F : X x M — X fulfills (i) 
and (F()jjm ^ tn, for any t G M, then for any t G R it holds Ft(x) = Ft{x) for m-a.e. x e X. 

proof 

Existence Let t G Q and combine Propositions 13.181 and 13.201 to get the existence of a Borel 
map Ft : X ^ X such that Ft{x) G d'^{th){x) for m-a.e. x £ X and (Ft)um = m. From point 
(v) of Theorem 12.31 and the uniqueness part of Proposition 13.201 we deduce that 

FtoF, = Ft+,, m-a.e., Vt,sGQ. (3.37) 

(use the m-a.e. invertibility of F^ to deal with the case where t and s have different signs). 
Let 'N C X he the set of x's such that either Ff (x) ^ d'^{th){x) for some t G Q or Ft(Fs(x)) / 
Ff_|_s(x) for some t, s G Q. Then [N" is Borel and negligible. 

From point (iv) of Theorem 12.31 and the group property (j3.37p we deduce 

d(Ft(2;),F,(2:)) = V x G X \ (3.38) 

for any t, s G Q. Hence for x G X \ ?\f and any sequence (tn) C Q converging to t G M, the 
limit of {Ft„{x)) as n — ?• oo exists and coincides with Ft{x) for t G Q. Call Ft{x) such limit. 

By construction, (j3.38p holds for any t, s G M, which means that for x € X \ 'N the curve 
t I— >• Ft(x) is a line. Clearly, such line passes through x at time 0. Moreover, from point (iii) 
of Theorem 12.31 and the group property p.37p we deduce that such line is a gradient flow 
trajectory of b. This proves point (i) of the thesis. 

By ()3.38p it follows that the curve 1 1— >• {Ft)f,m is weakly continuous in duality with Cc(X). 
Thus, since (j3.35p holds for t G Q by construction, it holds for every t G M. 

Finally, the group property (|3.36p follows directly from (j3.37p and (|3.38p . 
Uniqueness By the uniqueness part of Proposition 13.201 we know that there exists a Borel 
negligible set 'N' C X such that for any t G Q Ci [to,ti] it holds Ft{x) = (5Fi(x) for every 
X G X \ N', and by {i') we know that for some Borel negligible set C X the measure F(x) 
is concentrated on 1-Lipschitz curves for any x G X \ X". Thus for x G X \ ([N" U U N") 
(with 'N defined as before) we know that Ft(x) = 5Ft(a;) for t G Q n [toi^i]) that t ^ Ft{x) 
is continuous and that each curve in supp(F(x)) is continuous as well. This is enough to 
conclude. □ 

Remark 3.22 Notice that our uniqueness result does not tell that for m-a.e. x G X there is 
a unique gradient flow trajectory for b passing through x at time 0: at the moment we don't 
know whether such uniqueness holds (the technical problem is that it seems not possible to 
drop the assumption fi <^mm Proposition 13. 19p . What we know is that uniqueness is granted, 
also at the level of measure valued flows F, provided the pointwise information 'the measure 
is concentrated on gradient flows' is coupled with the local requirement (Ft)jm <C m. 

This is an unexpected link with Ambrosio's notion of regular Lagrangian flow [l] in connec- 
tion with DiPerna-Lions theory j26j , where a similar requirement is imposed to get uniqueness 
of the flow associated to vector fields on M'^ with Sobolev/BV regularity. ■ 

The measure preservation property just proved has the following important consequence 
about the behavior of Sobolev functions along the flow: 
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Proposition 3.23 Assume (j3.25p and letF be the gradient flow ofh given by Theorem \3.21\ 
Then for every f G Si^^{X) and t > it holds 

\f(Ft{x))- f{x)\< f \Df\{Fs{x))ds, m-a.e.xeX, (3.39) 
Jo 

similarly for t < replacing the integral from to t with the integral from t to 0. In particular, 
for f G S^(X) we have 

\f(Ft{x))- f{x)\^dm{x)<t^ J \Df\\x)dm{x), Vt G M. (3.40) 

proof We start with (j3.39p . An iteration argument based on the measure preservation property 
shows that it is sufficient to prove the thesis for t G [0,1]. Let T : X — )• C([0, 1],X) be 
m-a.e. defined by {T{x))t := Ft{x), xh G ^(X) such that m < m and m ^ rfi and put 
TT := Tjjm G ^{C{[0,1], X)). Then tt is concentrated on 1-Lipschitz curves and (ej)n7r = 
(Fi)jjm < (Ft)jm = m for every t G [0, 1]. Thus tt is a test plan. If / G S^(X) inequality ([31 
yields 

l/(7t)-/(7o)| < / \Df\{js)\is\ds= [ \Df\{js)ds, vr-a.e. 7, 



Jo Jo 

which, by definition of tt is equivalent to the thesis. If / just belongs to Sj^jjj,(X) use a cut-off 
argument to reduce to the previous case and the locality of minimal weak upper gradients to 
conclude. The case t < is handled analogously. 
For (I3.40p . square and integrate (j3.39p to get 

|/(Ft(x))-/(x)|2dm(x)< J (^j\Df\{Fsix))ds^ dm(x) 

t 

2/ 



<tJJ^ |Z)/|^(F,(x))dsdm(x) 
= t I |D/|2(x)d(^\F,)ttmds) (x) 
= t^ j |D/|2(x)dm(x). 



□ 



A direct consequence of this proposition and its proof is that \Dh\ = 1 m-a.e., a fact that we 
shall frequently use later on without explicit reference. Indeed, being b 1-Lipschitz it holds 
\Dh\ < 1 m-a.e., and with tt as in the proof we have 



|b(7i)-b(7o)|d7r(7) < JJ^ |Db| (7t)|7t I dt d7r(7) < JJ^ |Z)b|(7t) dt d7r(7) = J \Dh\dn, 

where n := J^{Ft)^xh. Given that by construction of tt we know that |b(7i) — b(7o)| = 1 
for TT-a.e. 7, the left-hand side of the above inequality is 1 and the fact that m <C n yields 
the claim (notice that in fact the more sophisticated arguments of Cheeger [19] ensure that 
\Df\ = lip(/) m-a.e. for any / locally Lipschitz, given that CD{0, N) spaces are doubling and 
support a weak-local 1-1 Poincare inequality - [49], [58]). 
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We know that for m-a.e. x ^ X the curve t i— )• F((x) is a gradient flow trajectory of b. 
The next Corollary reformulates this property in a different way w.r.t. that used to define 
gradient flows in Definition 12.11 and closer in spirit to the first order diff'erentiation formula 
in Proposition 13.121 

Corollary 3.24 Assume (j3.25p . let F be given by TheoremlMll and pick f G S^{X). 
Then 

lim ^ = -Df(Vh), weakly in L^iX). (3.41) 

t-s>0 t 

proof We shall only prove the limiting property as t ^ 0, the proof of the case t t being 
similar. Inequality (j3.40p grants that the L?'{X) norms of the functions in the left hand side 
of ()3.4ip are uniformly bounded. To conclude the proof it is therefore sufficient to show that 
for any g G Lp'{X) it holds 



Ihn j — -gdm = - J Df{Vh)gdm. 



A simple approximation argument shows that it is sufficient to prove it just for g & n 
L°^(X) non-negative and with bounded support. Pick such g, assume g is not identically 
(otherwise there is nothing to prove) and define fi := (/ gdm)~^gm G I^{X) and vr := T^fi G 
^{{C{[0,1],X))), where T : X ^ C([0,1],^) is defined by {T{x))t := Ft{x) as in the proof 
of Proposition 13.231 Arguing as in the proof of Proposition 13.231 and using the fact that g is 
bounded we get that tt is a test plan. By construction, for some bounded open set it holds 
supp((et)tt7r) C for any t G [0, 1]. Notice that b G S^(r2) and that 

i.e. TV represents the gradient of — b on (Definition 13. lip . By the first order differentiation 
formula 13.211 we deduce 

>3S / ^^^^ - 'SS I -I «/(vb).d.. 

which is the thesis. □ 



4 The gradient flow of b preserves the distance 

4.1 Preliminary notions 

4.1.1 Infinitesimally Hilbertian spaces 

We shall now introduce the crucial property ensuring a 'Riemannian-like' behavior of our 
CD(0,N) space. Recall that a smooth Finsler manifold F is Riemannian if and only if the 
Sobolev space W^''^ built over it is Hilbert. 

Motivated by the results in [7] (see also [3]), in [M] the following definition has been 
proposed: 

Definition 4.1 (Infinitesimally Hilbertian spaces) Let (X, d,m) be a metric measure 
space. We say that (X, d,m) is infinitesimally Hilbertian provided W^''^{X,d,m) is an Hilbert 
space. 
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It is immediate to verify that infinitesimal Hilbertianity implies infinitesimal strict con- 
vexity. Moreover, much like in Riemannian manifolds, on infinitesimally Hilbertian spaces we 
can 'identify differential and gradients' in the sense made precise by the following proposition, 
see [7] and j34j for a proof (see also [lO] for a quick overview on the subject). 

Proposition 4.2 Let {X,d,m) be an infinitesimally Hilbertian space and 0, G X an open 
set. Then for every f,g^ Sf^^{^) it holds 

Df{Vg) = Dg{Vf), m-a.e. on Q. 

To highlight the symmetry of this object, we will use the notation (V/, V^) in place of 
Df{S/g). Also, to mimic the notation used in a Riemannian context, we shall write |V/| in 
place of l-D/l to denote the minimal weak upper gradient of the Sobolev function /. Still, we 
remark again that we are not really defining what the gradient of a Sobolev function is, but 
just what is the value of the 'scalar product between two gradients'. The notation is justified 
by the following calculus rules, where ^2 C X is open and all the state equalities must be 
intended m-a.e. on Vl. 

Squared norm as scalar product. For any / G S^Qj,(r2) it holds 

(V/,V/) = |V/|2. (4.1) 
Symmetry. For any /, 5 G SfQj,(rJ) it holds 

(V/,Vg) = (V5,V/). (4.2) 
Linearity in /, g. For any /o, /i, 5 G Sj^q^(J7) and any oq, ai G M it holds 

(aoV/o + aiV/i, V5) = ao (V/o, Vg) + ai (V/i, V5) , (4.3) 
and similarly, due to (j4.2p . for linearity in g. 



1-Lipschitz continuity in f,g. For any /q, fi,g G S? (ri) it holds 



(V/o,Vr7) - (V/i, Vr?) I < |V(/o - /i)||V5|, (4.4) 



and similarly, due to (j4.2p . for 1-Lipschitz continuity in g. 

Leibniz rule in /,ff . For any /o, /i G SfQ^(r2) n L'^c{Vt) and g G S^Q^(il) it holds 

(V(/i/2),V<7) = /i(V/2,V5) + /2(V/i,V5), (4.5) 
and similarly, due to ()4.2p . for the Leibniz rule in g. 

Chain rule in f,g. For any f,g^ Sf^^{Q) and (/? : R — t- M Lipschitz it holds 

{V{ipof),Vg) = ^'of{Vf,Vg), (4.6) 



where (p' is defined arbitrarily at points where 93 is not differentiable. Similarly, due to (j4.2p . 
at the level of g. The Lipschitz continuity of can be relaxed as in the chain rule (j3.10p . 
First order differentiation formula For Q C X open, f,g ^ S^(r2) and tt representing the 
gradient of g in Q it holds 

hm I ^^^'^ ~ d7r(7) = I (V/, Vg) (70) d7r(7), (4.7) 
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in particular, the limit at the left-hand side exists. 

Notice that in particular we also have that W^''^{Q) is Hilbert for every ^ C X open, that 
-D(A) is a vector space and that A : D(A) — )• {Radon measures on X} is a linear operator. 

It is worth to underline that although these calculus rules are the same as the ones available 
in a Riemannian framework, they are produced following a different path. So, for instance, 
while on a Riemannian manifold the given data is the scalar product and ()4.ip is the definition 
of the norm of V/, in our context the given (actually: built) object is |V/| and the starting 
from it and with the assumption of infinitesimal Hilbertianity we produce a sort of scalar 
product between gradients. In this sense, the identity (j4.ip is a theorem and not a definition 
in the current setting. Other basic first order calculus rules follows from those presented, for 
instance from ()4.ip and (j4.3p we get 

I V(/ + g)\^ = I V/|2 + 2 (V/, Vg) + \Vg\^ 

which we shall occasionally use later on without explicit reference. In summary, the first order 
Sobolev calculus works as in the smooth Riemannian case, and this fact - not surprisingly 
- plays a crucial role in the derivation of the desired geometric properties of infinitesimally 
Hilbertian CD{K, N) spaces. 

These calculus rules are strongly reminiscent of the F-calculus available in the context of 
Dirichlet forms, the carre du champ T{f,g) taking the place of what we are calling (V/, V5). 
There are indeed strong connections between the two points of view, in particular in relation 
with lower bounds on the Ricci curvature, see [7], [8] and [l3] for recent progresses in this 
direction. Yet, beside the fact that a priori the two are defined on different structures (topo- 
logical spaces with a measure and a Dirichlet form for the former, and metric measure spaces 
for the latter), there are two differences between the two approaches. The first is that Dirich- 
let forms are quadratic forms by definition, in this sense they always produce, by nature, an 
Hilbertian-like calculus. We have seen instead that the duality relation between differentials 
and gradients of Sobolev functions covers also the case of Finsler structures and that if one 
wants an Hilbertian-like structure something must be imposed: what we are calling infinites- 
imal Hilbertianity. The second, and most important, is the possibility of stating and proving 
the first order differentiation formula 13.191 in the context of metric measure spaces, which 
reduces to (j4.7p in the current setting: this sort of 'horizontal' derivation seems unavailable 
by direct means in the 'vertical' world of Dirichlet forms (but if the form is good enough 
it is certainly possible to first produce the intrinsic metric from the form and then prove (14. 7p 
in the resulting metric measure space, see e.g. [8]). 

Notice that the uniform convexity of W^''^{X,d,m) and Theorem 13.91 give for free the 
following stronger density result for Lipschitz functions: 

Theorem 4.3 (Strong density of Lipschitz functions in W^'^{X,d,m)) Let {X,d,m) be 
an infinitesimally Hilbertian space. 

Then Lipschitz functions are dense in W^''^{X), i.e. for any f G W^''^{X) there exists 
a sequence (fn) C W^''^{X) of Lipschitz functions such that fn — )• /, \D{fn — /)| — )• and 
lip(/n) —5" \Df\ as 71 ^ 00 in L'^{X). 

Furthermore: 

• ifm gives finite mass to bounded sets, then the /„ 's can be chosen with bounded support 
for every n G N, 
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• if (supp(m),d) is proper, then the fn's can be chosen with compact support for every 
n G N. 

Remark 4.4 From the definition proposed, it seems that the Sobolev exponent p = 2 plays a 
special role in the definition of infinitesimal Hilbertianity. This is in contrast with the smooth 
world, where recognizing Riemannian manifolds among Finsler ones requires no choice of any 
Sobolev exponent. 

The point is the following. On a general metric measure space one can define the Sobolev 
class S*'(X, d,m) for any p G (l,oo) (the borderline cases p = l,oo can also be dealt with, 
but not surprisingly they are harder to handle). For / G S^(X, d,m) there is a well defined 
p-minimal weak upper gradient \Df\p. However, in general for / G S^ H S^ (X, d,m), p < p' , 
one only has \Df\p < \Df\pi m-a.e., the other inequality being unknown. Therefore also the 
duality between differentials and gradients can a priori be affected by the choice of the Sobolev 
exponent one is working with. Yet, if m is doubling and the space supports a weak-local 1-1 
Poincare inequality (which is always the case for CD{K, N) spaces with N < oo - see [l9] and 
[58]). then the results of Cheeger in [19] ensure that \Df\p = \Df\pi m-a.e. for / as above and 
using this fact and Lusin's type approximation with Lipschitz functions (see e.g. Theorem 5.1 
in [H]) one sees that infinitesimal Hilbertianity can be defined asking for the map / i— )■ 
to be a quadratic form for some (and thus any) p G (1, oo). ■ 

4.1.2 Heat flow 

On an infinitesimally Hilbertian space {X, d , m) , the map 



^yiV/pdm, ff/G W^i'2(X,d,m), 



L'{X,m)3f ^ { 2 

-|-oo, otherwise, 

is a closed Dirichlet form. We shall denote by the associated semigroup and call it heat 
flow. A lower bound on the Ricci curvature and an upper bound on the dimension grants 
several regularizing effects for the heat flow, in the following theorem we collect those that 
we shall use later on. 

Theorem 4.5 (Basic properties of the heat flov^) Let (X, d,m) be an infinitesimally 
Hilbertian CD{0,N) space. Then the following holds. 

• — )■ W^'"^ regularization. It holds 

\Mf)\\LHX) < WfWmx), V/ G L\X), t > 0, (4.8) 
and htif) G S'^{X) for any f e L^{X), t>0 with 

mHfML^ix) < V/ G l2(X), t > 0. (4.9) 

• Heat kernel . There exists a Borel map (0,cx3) x [supp(m)]^ 3 {t,x,y) i— )• p{t,x,y) G M"^ 
satisfying p{t,x,y) = p{t,y,x) for any {t,x,y) G (0,oo) x [supp(m)]2, 

j p{t,x,y)dm{y) = I, Vt G (0, oo), x G supp(m), (4.10) 
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and 

sup p{t, x,y) < oo, VtG(0, oo), x e supp(m), (4-11) 

y&Y 

such that for any f G L'^{X) we have the representation formula 

hif){x)= [ f{y)p{t,x,y)dmiy), VtG(0,oo). (4.12) 



• Gaussian estimates . There exists a constant Ci(A^) such that the Gaussian bound 

d^(x, y) 

"'-'''^'^'^ • 

holds for any t,x,y £ (0, oo) x X'^. 

• Bakry-Emery condition. For any f G W^''^{X) and any t G (0,oo) it holds 

|V(hi(/))|2 < ht(|V/|2), m-a.e., (4.14) 

the right-hand side being defined by formula (j4.12p which, thanks to (|4.1ip and the fact 
that |V/p G L^{X), makes sense. 

• Lipschitz regularization. There exists constants C2{t,x, N) such that for every t > and 
X G supp(m) the map supp(tn) 3 y ^ p{t,x,y), is Q2it,x, N)-Lipschitz. 

• Fisher information estimate. It holds p{t, x,y) > for any {t, x, y) G (0, oo) x X"^ and 
denoting by pt[x\ : X — M"*" the map pt[x]{y) := p{t,x,y) we have pt[x] G Sf^^{X) for 
every t G (0,oo), x G supp(m) and the bound 

e [ \Zp^ dm < e3(iV)(l + t) (4.15) 
J Pt[x\ 

holds for any x G supp(m), t G (0, oo) for some constant Q-^{N). 

proof The i— t- W^''^ regularization estimates are classical. For the existence of the heat 
kernel see for instance [7j and [3]. The gaussian estimates are a consequence of [63] in con- 
junction with the results in [7j. The Bakry-Emery condition has been proved in [7] and [3] 
(see also the original argument in [37] )• For the Lipschitz regularity notice that from the 
Gaussian estimates and the doubling property we get that p{t,x, •) G L'^{X) for every t > 
and X G supp(m). Then use the Bakry-Emery condition in conjunction with the argument 
given in [37] (see also the presentation given in [7]). Finally, the Fisher information estimates 
are a consequence of general bounds on the slope along a gradient flow satisfying the so-called 
EVI condition, the Gaussian estimates and the polynomial volume growth, see for instance 
the arguments in [39]. □ 

It is a standard construction within the theory of Dirichlet form to build the diffusion operator 
associated to the form itself. In our case the definition reads as: 
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Definition 4.6 (Laplacian in L^) Let {X,d,m) be an infinitesimally Hilbertian space. Then 
the space D{A) C W^''^{X, d, m) is the space of all f such that for some h G L'^{X, m) it holds 

I ghdm = - I {Vf,Vg) dm, Vg E W^'\X,d,xn). 

In this case the function h, which is clearly uniquely determined, will by denoted by Af and 
called Laplacian of f . 

On infinitesimally Hilbertian spaces such that m gives finite mass to bounded sets (the latter 
being true on any CD{K, co) space - see [M])) this definition is nothing but a particular case 
of the one of measure valued Laplacian given in Definition 13.141 Indeed, it is immediate to 
verify that 

is equivalent to 

/ G VF^'2(X,d,m) n L»(A) and A/ = hm for some h G L^{X,m), 

and that if these holds we also have h = Af: one implication is obvious, and the other one 
follows from the approximation result in Theorem 14.31 

It is anyway useful to single-out the definition of A as it is more manageable and the 
standard one used in the theory of linear semigroups. In particular it allows us to use the 
following well known results which will be useful later on. 

Proposition 4.7 Let {X,d,m) be an infinitesimally Hilbertian space. Then: 

i) For any f G L2(X) andt>0 it holds ht(/) G ^(A) and 

hm - ht(/) ^ ^^^(^^^ W''HX). 

h^O h 

If f £ D{A) with Af G W^''^{X) we can take t = 0. 
ii) For any f G L^{X) it holds ht(A/) = Aht(/), Vt > 0. 

Hi) Denote by A'^"-' the application of n-times A and define the space D{A^"'^) inductively 
as the space of f 's in D{A^"'~^^) such that A^"'~^^ f G D{A). Then for every t > 0, 
ne'N and f e L'^{X) we have ht{f) G L»(A(")) and 

the map L'^{X,m)Bf ^ A(")ht(/) G is continuous. 

iv) For any e > and f G L'^{X) 

the map [e, +oo) 9 t ^ A(")hj(/) G I^^'^(X) is Lipschitz. 
If f £ D(A(")) with A(")/ G W^'^{X) then we can take e = 0. 

v) For any f £ L'^{X) it holds 

hm J |Vht(/)|2dm = J iV/pdm, 
where the right-hand side is intended to be +oo if f ^ W^''^{X). 
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Remark 4.8 (The Sobolev space VF^'^) On a smooth Riemannian manifold M with Ricci 
curvature bounded from below by K the Bochner identity implies 



A 



> ||v2/IIhs + (V/,VA/) + K|V/|2, 



2 



Hence by integration we get 




V/gC,°°(M), 



(4.16) 



which shows that in this case functions in VF^'^ can be characterized as functions in W^'"^ 
whose Laplacian is in L^. 

Given that (j4.16p is a dimension-free inequality, its seems natural to expect that on in- 
finitesimally Hilbertian CD{K, oo) spaces {=RCD{K, oo) spaces) the same inequality holds. 
It is unclear to us if this can really be done, part of the problem being to define what the 
Hessian is, but we point out that Honda in |41j proved that some sort of second order differen- 
tial structure exists on spaces which are limits of Riemannian manifolds with Ricci curvature 
uniformly bounded from below, and in the recent paper [60] Savare, generalizing some in- 
equalities due to Bakry, proved promising estimates in this direction directly in the abstract 
case. ■ 

The Gaussian estimates and the volume growth also allow to extend the domain of the 
definition of the heat flow far beyond the space L'^{X,m). We will be satisfied in considering 
as Domain of the Heat flow the (non maximal) space DH(X) = DH(X, d,m, x) defined by 



where x G supp(m) is a point that we shall consider as fixed from now on. Clearly, the choice 
of X does not affect the set DH(X), but to keep x fixed allows to introduce the norm 



so that (DH(X), II • IIdh) = L^X, e-^(-'^)m) is a Banach space. We claim that for / G DH(X) 
and t > it holds fpt[x] G L^{X,m) for any x G supp(m) and that defining hj(/) by the 
formula 



DH(X) := {/ : X ^ M Borel : / |/|(2;)e^^(^'^) dm(x) < 



oo 



} 





(4.17) 



for some constant Q{t, N) it holds 



ht(/)||DH<e(t,iV)||/||DH, 



(4.18) 



so that ht maps DH(X) into DH(X). 

To see this, let / G DH(X) and notice that from the simple inequalities 




ht(/)|(x)e-^(^'^)dm(x)< // |/|(y)/;(t,x,y)e-^(^'^)dm(y)dm(x) 




< / l/l(?/)e-'(^'") / /9(i,x,y)e^(^'^)dm(x)dm(y) 
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we deduce that to prove (j4.18p it is sufficient to prove that 

J p{t, X, y)e''(j''^) dm(x) < e{t, N), Vy G supp(m), t > 0. (4.19) 



We have 



[ p{t, X, y)e^(^'^) dm{x) < ei{N) sup 6"^^+^ (4.20) 

Now recall that Sy{r) := ]h^elo and that (Proposition [33]) r ^ m{Br{y)) is 

locally Lipschitz, thus difFerentiable a.e. with derivative given by Sy{r). As a consequence we 
have 

m{Briy))= 5y{s)ds, Vr > 0, y G supp(m), (4.21) 
Jo 

which can be equivalently written as d(dy)((m(r) = 5y{r)dr, where dy{x) := d{x,y). By (|4.2ip 
and the monotonicity property ()3.2p we have 







m{Briy))= I sy{s)ds= / ' J^.^-^ d. > ^'.^-^ d. = Ir s,(r), (4.22) 



and therefore the Gaussian estimates (|4.13p give 

/ Pit, X, y)ed(^'-) dm{x) < f^^^\. / e-^+d(x,y) ^^(y) 

ei(iv) r , . , 

m(B^(y)) ' 

m(i?^(y)) ^^-1 7^1 

byra <^re-i^.--d.. 
Vi Jo 

Coupling this bound with (OOl) we get ()i39]) and thus ([iJ8]) . 
With similar means, we can obtain the bound 

y d"(y,x)pt[x](y)dm(y) < e(?^,7V)^"/^ Vx G supp(m), t > 0. (4.23) 

Indeed from the Gaussian bounds (j4.13p we have 

/ d"(y,x)p4x](y)dm(y) < / , . / d"(y, x)e"— dm(y) 



< ei(iV)supr"e-ir = ei(A^)(5t)"/2supr"e-'^ 

r>0 r>0 



2 



47 



X 



and 

d^{y,x)pt[x]{y)dm{y) < > / r^e" 5rs,(r) dr 

by 622]) <NQi{N)(bt)^ f r"+^-ie-'^' dr. 

ir>0 

4.1.3 Prom Sobolev to Lipschitz 

On arbitrary metric measure spaces a Sobolev information on a functions may yield little to 
none information about its metric regularity, the standard example being a space where there 
are no non-constant Lipschitz curves: in this case every Lp' function is Sobolev with minimal 
weak upper gradient. We single out in the following definition a basic property which allows 
to pass from a Sobolev information to a metric one: 

Definition 4.9 (Sobolev-to-Lipsciiitz property) Let [X,6,m) he a metric measure space. 

We say that (X, d, m) has the Sobolev-to- Lipschitz property provided any f G W^''^{X, d, m) 
with \Df \ < 1 m-a.e. admits a 1-Lipschitz representative, i.e. a 1-Lipschitz map g : X ^ M. 
such that f = g m-a.e.. 

As we shall see in Proposition 14.201 on spaces with the Sobolev-to-Lipschitz property 
isometries can be recognized by means of Sobolev calculus. 
Two important class of spaces have such property: 

• CD(K, N) spaces. Indeed, Rajala proved in [58] the following result: 

Let {X, d, m) be a CD{K, N) space and fio, /ii € ^2iX) with compact support 
and such that /xoj/^i < Cm for some C > 0. Then there exists a VF2-geodesic 
(fit) form /xq to /il such that nt < Cm for every t £ [0, 1] for some C > 0. 

With this statement at disposal, the proof follows easily. Indeed, pick / G S^^^(X), 
notice that with a truncation argument we can assume / G L°°(X), let x,y £ supp(m) 
and for r > define /Xq := ^{Br{x))~^m\ and /i^' := m{Br{x))~^m\ . Letting 
Tv^ being any lifting of the geodesic provided by Rajala's construction, we know that 
TT^ is an optimal geodesic plan tt^ such that {et)f,7v^' < Cm for every t £ [0, 1] and some 
C > depending on r. Thus tt^ is a test plan and from \Df\ < 1 m-a.e. we get 

I fdfil- I /d/x5 < I |/(7i)-/(7o)|d7r'-(7)< j j\^t\dtd7T^ {^) KW^il^o, 

The conclusion the follows by picking x, y to be Lebesgue points for / and letting r J, 0. 

• RCD{K, oo) spaces. This has been proved in [7] as a consequence of the Bakry-Emery 
contraction estimates. 

Any of these two implies: 

Theorem 4.10 Infinitesimally Hilhertian CD(0, N) spaces have the Sobolev-to-Lipschitz prop- 
erty. 
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4.1.4 Strong maximum principle for the Busemann function 

In |14j it has been proved that on metric measure spaces with a doubhng measure and sup- 
porting a weak-local 1-2 Poincare inequality, the strong maximum principle holds for local 
subminimizers of the energy \Df\'^ dm. In |38| it has been shown that local subminimizers 
/ of the energy can be characterized by the inequality A/ > 0. 

Thus taking into account the Laplacian comparison estimate for the Busemann function 
recalled in Proposition 13.171 (whose hypotheses are fulfilled in the infinitesimally Hilbertian 
case), the linearity of A ensured by the infinitesimal Hilbertianity assumption and in accor- 
dance with the strategy used in the smooth setting, we get: 

Theorem 4.11 Let (X,d,m) be an infinitesimally Hilbertian CD{0,N) space, 7 : M — )• 
supp(m) a line and b^ the Busemann functions associated to it as in (|2.4p . 
Then b+ + b~ = on supp(m) and Ab+ = Ab~ = 0. 

See [38] for the details. We stress that in order to get this result it is crucial to have at disposal 
the measure valued Laplacian, because this is the a priori regularity of the Laplacians of 
b+,b-. 



4.2 Result 

From this section on we shall always assume the following: 

{X,d,m) is an infinitesimally Hilbertian CD{0,N) space, 7 : M — )■ supp(m) is a line 

I I ^4.24^ 

and b := b is the corresponding Busemann function, b being defined as in (|2.4p . 



By Theorem HjU and the fact that W^''^{n) is Hilbert for every Q C X open, we know that 
the assumptions (j3.25p at the basis of the previous chapter are fulfilled. Thus Theorem 13.211 
holds, and Ab = 0. 

The polynomial volume growth ()3.3p easily gives that b G DH(X), thus from Ab = 
we expect ht(b) = b to hold for every t > 0. The next simple proposition shows that this is 
actually the case, the proof being based on the estimates on the heat kernel we previously 
recalled. Notice that in stating the result we are using the fact that formula (|4.17p defines the 
value of hf(b) for every x £ supp(m), and not just m-a.e.. 

Proposition 4.12 (Invariance of b under the heat flow) Assume ()4.24p . Then for any 
t > it holds 

Ut{h){x) = b(x), Vx e supp(m). 
proof The mass preservation formula (I4.10p yields h{x) = J h{x)pt[x]{y) dm(y) and thus from 

< / d{x,y)p{t,x,y)dm{y), 



h{x) - h{y)p{t,x,y)dm{y) 

and the bound (|4.23p we deduce that limt_s.o ht{h){x) = b(x). Hence to conclude it is sufficient 
to show that for any ti > to > and xq G supp(m) it holds htj(b)(xo) = ht(j(b)(xo). 
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Fix xo G supp(m), let R > |b(xo)| and Xr : supp(m) — )■ [0,1] a 1-Lipschitz function 
identically 1 on i?/j(xo) and identically on Br^i{xq). From 

|hf(bXfl)(xo)-ht(b)(xo)| < [ |b|(y)(l-XR(y))p(t,xo,y)dm(y) 

Jx 

< / {(i{y,xo) + \h{xo\)p{t,xo,y)dm{y) 

Jx\Bii{xo) 



and the moment estimates (I4.23P we get lim^-^+oo \r[tii>XR){xo) = ht(b)(xo), Vt > 0. 

It is trivial that Ptg /2[xo] £ -^^(^) thus according to point (iv) in Proposition 14.71 
the map t i— ht(/Oto[^o]) S -^^^(^) is Lipschitz. Since Xnh G L'^{X) as well, the map i i— 
ht(bXR)(xo) = / XRbpt[xQ\ dm is Lipschitz on [toi^i]- Its derivative is given by 

^ht(bXij)(xo) = / bXij— /Ot[xo]dm 
bXRA(/>t[xo])dm 

(V(bXi?),V(pt[xo]))dm 

(Vb,V(Xijpt[xo])) + (Vb,VXK)/9tN -b(VXK,V(pt[xo]))dm, 



having used the Leibniz rule (|4.5p in the last step. Given that Ab = and that XrPiIxq] is 
Lipschitz with compact support we have / (Vb, V(X_R/^t[iCo])) dm = 0. 
The fact that |VX_r| = on Br{xq) gives 



X 



(Vb, VXi?)/9t[xo]dm 



< 



pt[xo] dm < 



X\Br{xo) 



R 



X 



d(-,xo)pt[xo] dm 



and thus the moment estimate (|4.23|) yields 



lim 

R-^oo 



{Vh,VXR) pt[xo]dm 



0, uniformly on t G [toi^i]- 



Since R > |b(xo)| and |VX_r,| = on Br{xo) we also have 



X 



h{VXR,V{pt[xo])) dm 



< / |b||V(A[xo])|dm 
2 



< 



R 



X\Br{xo) 



d"(-,xo)|V(pt[xo])|dm 



-RV /^d''(2/,^)ptN(y)dm(y) 



|Vpt[x]|2(y) 



dm(?/). 



IX Pt[x]{y) 

thus the moment estimate (I4.23P and the bound ()4.15p on the Fisher information give 



lim 

R.-^oo 



h{VXR,V{pt[xo])) dm 



0, uniformly on t £ [tQ,ti]. 



50 



Collecting together all these informations we obtain 

|hiib(xo) - hjob(xo)| = lim |hti (Xijb)(xo) - hto(Xflb)(xo)| 



< lim 

R^oo 



ti 
to 



dt = 0, 



and the proof is completed. □ 
The next simple Lemma extends the domain of validity of the Bakry-Emery condition. 
Proposition 4.13 (Bakry-Emery condition on DH(X)) Assume (j4.24p and let 

|V(hj(/))|2 < ht(|V/|2), m-a.e., Vt > 0. 



/ G DH(X) n Sl^iX) be such that f, jV/p £ DH(X). 
Then htif) G Sl^{X) and 



proof Let (Bn) be an increasing sequence of bounded sets such that supp(m) = UnB^ and 
for every n G N let Xn : supp(m) — )■ [0, 1] be a 1-Lipschitz function with compact support 
identically 1 on Bn- 

Clearly, fXn S L'^iX) so that inequality (13^91) and the assumption |V/p G DH(X) also 
grant /X„ G S'^{X). Thus fXn G W^^^{X) and yields 

|V(ht(/X„))P < ht(|V(/Xn)P), m-a.e., (4.25) 

for any t > 0. 

Again from ([32]) we obtain |V(/Xn)P < 2|V/p + 2|/|2 g DH(X), and given that triv- 
ially |V(/Xn)| — ^ |V/| m-a.e. as n — )• oo, by the dominate convergence theorem we deduce 
|||V(/Xn)P - |V/P||dh as n oo. Inequality (j4.18p then ensures that 

ht(|V(/X„)P) ^ ht(|V/p) in DH(X) as n ^ oo for any i > 0. (4.26) 

By construction we have \\fXn — /||dh — )■ as n — )• oo, so that ()4.18p yields ||hj(/Xn) — 
ht(/)||DH — > as n — )• oo. Thus up to pass to a subsequence, not relabeled, we can assume 
that ht{fXn) — ^ ^tif) tn-a.e. as n — )■ oo. This fact, the lower semicontinuity of minimal weak 
upper gradients stated after Definition 13. 8[ (|4.26p and (j4.25p give the conclusion. □ 

The last two proposition allow to write down the Euler equation for the Busemann function 
b. 

Corollary 4.14 (Euler's equation for b) Assume (|4.24p . Then for any f G W^''^{X) it 
holds 

ht((Vb, V/)) = (Vb, Vht(/)) , m-a.e.. (4.27) 

Furthermore, for f G W^''^{X) n D{A) with Af G W^''^{X) and g G D{A) we have 

I Ag (Vb, V/) dm = Jg (Vb, VA/) dm. (4.28) 

proof It is obvious that b,bMVb|2 G DH(X). By definition we have L^(X) C DH(X) and 
the inequality 



J |/|e-^(-'^)dm< J J /2dmW J e-2d(,s) 
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and the polynomial growth rate (f33|) grant that L'^iX) C DH(X). Thus for / G W^''^{X) we 
get /, I V/p G DH(X) as well. It is then immediate to see that for any e G M we also have 
(b + £/), (b + eff, |V(b + G DH(X). 

Hence we can apply Proposition 14.131 to the function h + ef and obtain 

|V(ht(b + < ht(|V(b + (4.29) 

The linearity of ht, Proposition 14.121 and the identity |Vb| = 1 m-a.e. give 

|V(hj(b + e/))|2 = l + 2e(Vb,Vht(/)) +e2|vht(/)|2, 
hi(|V(b + ef)\') = 1 + 2eh< ((Vb, V/)) + e\{\Vf\% 

m-a.e.. Using these equalities in ()4.29p we obtain the Euler equation written as in ()4.27p . 

To get ()4.28p . start noticing that from |Vb| = 1 m-a.e. we deduce that both sides of (|4.27p 
are in L'^{X). 

Now assume that / G W^^^{X) n ^(A) with A/ G W^^^iX) and let g G D{A). From 
(|i:271) we get 



^tig) -g 



(Vb,v/) dm 



X 



g(Vh,V 



h{f)-f 



dm. 



Vt > 0. 



(4.30) 



The assumption g G ^(A) grants that ^'^^^-^ ^ — t- Ag in L'^{X) as t J, 0, thus the left-hand 
side of (j4.30p converges to the one of (I4.28P as 1 10. 

The assumptions on / and point (i) of Proposition 14.71 ensure that '"''^■^^ ^ converges to 
A/ as i 4, in W'^^'^{X). Thus we have 

■Hf)-f 



Vb,V 



dm - / c/(Vb,VA/) dm 



< 



Vb,V 



h{f)-f 



(Vb,VA/) 



dm < \g 



v(MZL:/_A/ 



dm 0, 



and the conclusion follows. 



□ 



Remark 4.15 (Hessian of b) Formally we can rewrite the Euler equation (I4.28P as 

A((Vb,V/)) = (VA/,Vb), 

for any 'smooth' /. This is formal because we don't really know if (Vb, V/) G -D(A). Replacing 
f with ^ and after little algebraic manipulation based on the calculus rules recalled in Section 
14.1.11 we get 

(V((Vb,V/)),V/) = (Vb,v4) (4.31) 
Recalling that on a smooth Riemannian manifold the formula 

Hess(r7)(V/, V/) = (V((Vr7, V/)), V/) - (Vg,V^) , 

holds, we can interpret the formal equation (j4.3ip as the fact that the Hessian of b is 0. In 
a smooth world, this easily implies that b is affine along geodesies. Let us show a formal 
argument which yields the same conclusion in the non-smooth one. According to Corollary 
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15.71 that we shall see later on, for any ^o, fii £ 3^2{X) with bounded support and such that 
A'O)^! < Cm for some C > 0, there exists a unique geodesic (//t) connecting them which 
further satisfies ^ Cm for every t S [0, 1]. With an approximation argument we see that 
the claim is equivalent to prove that t i— t- J b d^t is afHne for any such geodesic. According to 
Proposition 15. 15l that we shall see later, the map 1 1— ?• Jbd^^ is and its derivative is given 

by 

^ j hd^Jit = I {Vh,VQt{-ip)) dfiu Vt e (0,1), (4.32) 

where (p is any Kantorovich potential from /xq to fii and Qt is the Hopf-Lax semigroup (see 
Definition l5.ip . In [5] it has been proved that for any / bounded from below the map 1 1— )• Qt{f) 
is locally semiconcave and that the formula 

^Qtf{x) + P^*^*-^^ ^^-^ = 0, for any t > except a countable number, (4.33) 

is valid for any x E X, in line with the fact that the Hopf-Lax formula produces solutions of 
the Hamilton-Jacobi equation on the Euclidean space. By the well known results of Cheeger 
(|19]) we know that m-a.e. it holds lip((5t/) = |V/|, thus by formally applying the first order 
differentiation formula (|4.32p to the function (Vb, V(5t(— 9?)) and taking into account (|4.33p 
we get 



d^ 

dt2 



j hdi^t = j (V((Vb, V(Qt(-<^)))),VQt(-(/.)) - (vb,V^^i^) d^lu 



and we see from ()4.3ip taking / := Qt{—'^) that the right hand side is 0. 

This cannot be rigorously justified with the current technology. Yet, this is not a crucial 
issue, because even pretending that we know that b is affine along geodesies, the proof of the 
splitting would still be quite far. Indeed, one should proceed by first proving that its gradient 
flow preserves the distance (which, following the ideas used in the next chapter, is possible), 
then by proving that the quotient space is an infinitesimally Hilbertian CD{0,N — 1) space 
and that the distance splits according to 'Pythagora's theorem'. In other words, one should 
still repeat all the arguments contained in the next chapters. 

Instead, as mentioned in the introduction, we will never really need the fact that b is 
affine along geodesies, and use the Euler equation (|4.27p and (|4.28p to prove that the right 
composition with the gradient flow of b produces isometrics of W^''^{X) into itself. By the 
general duality principle expressed in Proposition 14.201 below, this will be enough to prove 
that the gradient flow is a one-parameter group of isometrics. ■ 

Notice that Corollary 13.241 reads, in the current notation, as 

lim f = - (yf^ Vb) , weakly in L'^{X, m) for any / G S'^{X). (4.34) 

h^O h 

We shall also need the identity 

j {Vg, Vb) / dm = - y (V/, Vb) g dm, V/, g G W^'^X), (4.35) 

which can be proved by first choosing sequences (/n), {g-n) of Lipschitz functions with compact 
support converging to f,g respectively in W^''^{X) (Theorem 14. 3p . then noticing that Ab = 
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yields / (V(/„g„), Vb) dm = and thus 

I (Vg„, Vb) /„ dm = - y (V/„, Vb) (7„ dm, Vn G N, (4.36) 

then observing that (V/„, Vb) (V/, Vb) in L'^iX) as n — )• oo (and similarly (V(j(„, Vb) — )• 
(Vf/, Vb) in L?'{X)) and finally passing to the limit in ()4.36p . 

The next proposition provides the crucial ingredient which allows to deduce that the 
gradient flow of b is a one parameter family of isometrics: it shows that the right composition 
with Ft is a bijective isometry of VF^'^(X) into itself. Together with the duality argument 
which we present in Proposition 14.201 this will be sufficient to conclude. The proof will follow 
the same ideas presented in Section [1.2| the major difference being that we don't have any a 
priory Sobolev regularity for / o F^ and we will thus need an intermediate regularization via 
the heat flow. 

Proposition 4.16 (Right compositions with Ft give isometries of W^'"^ into itself) 

Assume (|4.24p and recall that the gradient flow F o/b has been defined in Theorem \3. 2 1[ 

Then for any t € M the map f f o Ft is an isometry of W^''^{X) into itself, i.e. 
f £ VF^'2(X) if and only if f oFt G W^''^{X) and in this case ||/||iyi.2 = 11/ o Ft IIh/i.2 • 

proof We already know that F^ is measure preserving and thus ||/oFt||^2 = ||/||l2. We claim 
that for / G VFi'2(X) it holds / o Ft G S'^{X) with |||V(/ o Ft)|||i2 = |||V/|||i2 for any t G M. 
This will be sufficient to conclude by applying this statement also to F_t and recalling the 
group property (j3.36p . 

Fix such / and recall inequality (I3.39P to get 



I |/oF,-/oFt|2dm = I \f oFs-t- f\^ dm <\s-t\^ I |V/| 



2 dm, 



which shows that the map MBii— )-/t:=/oFtG Lp'{X) is Lipschitz with Lipschitz constant 
bounded by |||V/|||i2. 

Fix e > and notice that from inequalities (|4.8p and (14. 9p we deduce 

\Ms)-K{ft)\\w^a<C{e)\\fs-ft\\L^, 

and thus 

the map M 9 i ^ ^e{ft) G VF^'^(X) is Lipschitz for every e > 0, (4.37) 

its Lipschitz constant being bounded by C(e)|||V/|||£,2. 

In particular, the map t ^ ^ j |Vh£(/t)pdm is Lipschitz; our aim is to show that it is 
constant. Start from 

j |Vh,(/t+;,)|2-|h,(V/t)pdm = j 2(Vh,(/t),Vh,(/t+/,-/t)) + |V(h,(/t+/,-/t))pdm, 

and notice that the simple bound J \V{he{ft+h- ft))\^ dm. < (C(e)|||V/| ||i2)^|/ip yields that 
for any t G M it holds 

nvh,(/..>)P -|h.(v/.)|-,,, //vha/,),vMA±4^iM«\ 

h^o / 2h h^o \ h / 
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We compute the limit in the right-hand-side of this expression. 



lim /Ah,.(/,)A^^A:iAd„ 

/■(Ah2,U))oF_^-Ah2e(/t)^^ 

hm / ^ ; ft dm 



(V(Ah2,(/t)),Vb> ft dm, 

(4.38) 

having used (j4.34p in the last step. We claim that 

j (V(Ah2,(/)), Vb) / dm = 0, V/ G L\X). (4.39) 

Recah that by point {Hi) of Proposition W7\ the map ^^(X) B f ^ Ah2e(/) G W^'^(X) is 
continuous, thus from the fact that b is Lipschitz we get 

L^{X)3f ^ (V(Ah2£(/)),Vb) G l2(X) is continuous. 

Hence it is sufficient to check (|4.39p for / G D{/\) such that A/ G VF^'^(X), because - by 
regularization with the heat flow - the set of such /'s is dense in Lp'{X). With this choice of 
/, recalling (j4.35p and the Euler equation (j4.28p we have 

j (V(Ah2.(/)),Vb> /dm = - j Ah2.(/) (Vb,V/) dm = -y" h2,(/) (VA/,Vb) dm. 

(4.40) 

On the other hand, the Euler equation (|4.27p applied with A/ in place of / yields 

j (V(Ah2.(/)),Vb> /dm = j (V(h2e(A/)),Vb> /dm = j h2e((VA/, Vb))/dm, 

which together with (I4.40p yields (j4.39p . According to (I4.37P and (I4.38P we thus obtained that 

R9t ^ |Vh£(/t)pdm, is constant for every e > 0. 

Letting e | 0, recalling point {v) of Proposition 14.71 and the fact that fo = fe W^''^{X) we 
deduce that ft G W^''^{X) for any t G M and that 



3t I-)- |V/(|^dm, is constant, 



which by the initial discussion gives the conclusion. □ 

We now want to show that the information given by Proposition 14. 161 is sufficient to deduce 
that - up to a redefinition on a negligible set - the gradient flow F of b is a one-parameter 
group of isometrics. As discussed in the introduction, this fact has nothing to do with infinites- 
imal Hilbertianity and lower Ricci curvature bounds, and is rather based on the Sobolev-to- 
Lipschitz property expressed in Definition 14.91 
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Lemma 4.17 (Localization) Let (Xi,di,mi) and (X2, CI2, 11x2) be metric measure spaces 
and T : Xi ^ X2 an invertible map such that Tf^mi = m2 and for which f G W^'^{X2,d2,xn2) 
iimplies f oT £ di, mi) and in this case 

j |D(/oT)|2dmi = / ID/I'dms. (4.41) 

Then for every f G PF^'^(X2, d2, na2) it holds / oT G VF^'^(Xi, di, mi) and in this case 

\D{foT)\ = \Df\oT, mi-a.e.. (4.42) 

proof By definition of D^fiVg) (Definition I3.10p . tlie fact tliat TJjmi = m2 and assumption 
yield 

/ D^f(Vg)dm2= [ D^{foT)(V{goT))dmi, yf,geW^'\X2). (4.43) 
JX2 Jxi 

Pick / G W^''^{X2) non-negative, assume for the moment that / G L°°{X2) as well and 
let g : X2 ^ [0,oo) be bounded and Lipschitz with m2(supp(5')) < 00 and for e > put 
f^ ■= f + eg. Notice that f^Jeg G W^'^{X2). Using the last in ([?J2]l . the first Leibniz rule 
in (|3.14|) and then the second chain rule in (|3.15p we get 

/ 5l^/.|'dm2> / D+if,g)iVf,)- fD+giVf,)dm2 

= [ D+{f,g){Vfe) - D+g{V{ff)) dm2. 

JX2 

Put for brevity fe := feoT and g := g oT and notice that by (14.43P we get 

/ D+{f,g){Vf,)-D+g{V{^f))dm2= [ D+{hg){V L) - D+~g{V{^))dmi. 

J X2 ^ Xi 

Then continue using the first inequality in (I3.12p . the second Leibniz rule in ()3.14p and then 
again the second chain rule in (j3.15p to obtain 

/ Z)+(/,5)(V/,)-Z)+5(V(|))dmi > / D-{f,~g){Vfs)-feD+g{Vfs)dmi 

JXi JXi 

> f ~gD-fe(Vfe) + feD~g{Vf,)-f,D+~g{Vfe)dmi 

JXi 

= ~g\DW + h[D-~g{Vfe) - D+g{Vfe)) dmi, 
having used the last identity in (j3.12p in the last step. In summary, we proved that 

/ 5l^/.l'dm2> / ~g\Df,\^ + f,D~~g{Vf,) - f,D+g{Vf,) dmi, Ve > 0. (4.44) 

J X2 ^ X\ 

It is immediate to check that \D{f — f^)\ — )• in L^(X2) as e ^ which also gives, by our 
assumptions on T, that |D(/ — /e)| — )■ in L^(Xi) as e ^ 0, where / := / o T. In particular 
J^^g\Dfe\^dm2^ J j^^g\Df\^ dm2 and J g\D fe\^ dmi ^ Jj^^g\Df\^ dmi as e i 0. 
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Now recall that by (j3.16p we know that there exists a countable set Jsf C M such that for 
e S M \ it holds D~g{S/fir) = ^^^(V/g) mi-a.e., hence it is sufficient to pass to the limit 
in (jOil) as e i in M \ 3sr to obtain 

/ 9l^/l'dm2 > / 5|^/Tdmi. 

Arguing similarly starting from the inequality g\D^^\^ < D~ {f^g){y fe) — feD~g{yfe) we get 
/^^ g\Df\'' dms < dtm and thus 

/ g\Df\^ Am2= [ ~g\Df\^ dmi. 

Observing that J-^^ g\Df\^ dm2 = j-^^ g\Df\^ o Tdmi, from the arbitrariness of g we deduce 
that (j4.42p holds for non-negative / S W^'"^ Ci L°°{X2). It is now obvious that the restriction 
to non-negative functions can be dropped. The general case then follows via a truncation 
argument using the local nature of the thesis. □ 



Remark 4.18 It is natural to ask whether substituting the assumption (I4.4ip with the 
weaker 

f |Z?(/or)pdmi < / \Df\^ dm2, 

one could deduce 

\DUoT)\<\Df\oT, mi-a.e.. 

This is indeed the case on the smooth Riemannian/Finslerian case. It is unclear to us if the 
same holds in the abstract setting. ■ 

Lemma 4.19 (Contractions by local duality) Let (Xi, di, mi), and {X2, 62,^2) be two 
metric measure spaces with the Sobolev-to-Lipschitz property (Definition \4-9\ ) and T : Xi — t- 
X2 a Borel map such that TjjtTii < Cm2 for some C > 0. Assume also that m2 gives finite 
mass to hounded sets. Then the following are equivalent 

i) T is nxi-a.e. equivalent to a 1-Lipschitz map from (supp(mi), di) to (supp(m2), d2), i.e. 
there exists a 1-Lipschitz map T from (supp(mi), di) to (supp(m2), d2) such that T = T 
rrii-a.e.. 

a) For any / G VFi'2(X2,d2,m2) it holds f oT (^W''''^{Xi,Ai,m.i) with 

\D{foT)\<\Df\oT, mi-a.e.. 

proof 

(i) (ii) Obvious. 

(ii) =^ (i) Let {y^lnGN C X2 be a countable dense set and for k,n £ N define fk n ■ ^2 1^ 

by 

fk,n ■■= max{0, min{d2(-, y„,), k - d2(-, y„,)}}. 

Since /„ : X2 — )■ M is 1-Lipschitz with bounded support, from the assumption that m2 gives 
finite mass to bounded sets we deduce fk^n £ W^''^{X2). It is also clear that, being 1-Lipschitz, 
we also have \Dfk,n\ < 1 tn2-a.e.. 



57 



Using our assumption we deduce that fk,n°T is in W^''^{Xi) and \D{fk^n°T)\ < 1 mi-a.e.. 
Now we use the Sobolev-to-Lipschitz property to deduce that there exists an mi-neghgible 
Borel set 'y^k,n such that the restriction of fk^n °T to Xi \ !N"„ is 1-Lipschitz. 

Let !N := Uk,n'^k,n so that N is Borel and mi-negligible and observe that the inequality 

di{x,y)> sup |A,„(T(x))-A,„(T(y))| =d2(T(x),T(y)), Vx,yGXi\X, 

X grants that the restriction of T to Xi \'N is 1-Lipschitz to get the conclusion. □ 

Proposition 4.20 (Isomorphisms via duality with Sobolev norms) Let (Xi,di,mi) 
and (X2,d2,Tn2) be two metric measure spaces with the Sobolev-to-Lipschitz property and 
let T : Xi —7- X2 be a Borel map. Assume that both mi and m2 give finite mass to bounded 
sets. Then the following are equivalent. 

i) Up to a modification on a mi-negligible set, T is an isomorphism of the metric measure 
spaces, i.e. Tjjmi = m2 and d2(T(x), T(y)) = di(x,y) for any x,y £ supp(mi). 

a) The following two are true. 

ii-a) There exist a Borel mi-negligible set N C Xi and a Borel map S : X2 — )• Xi such 
that S{T{x)) = x,'ix£Xi\ X. 

ii-b) The right composition with T produces a bijective isometry of W^''^{X2, 62,^2) in 
VFi'2(Xi,di,mi), i.e. f E W^^^{X2,d2,m2) if and only iffoTe W^^^{Xi,di,mi) 
and in this case \\f\\w^,2(^x2) = \\f ° 2(^X1) ■ 

proof 

(i) (ii) Obvious. 

(ii) =^ (i) Pick X € supp(m2) and for each r > consider the function Xr '■ X2 ^ [0, 1] defined 
by Xrix) := max{0, min{l, 2 - d{x,x)/r}}, so that Xr S W^''^{X2,d2,m2) and \DXr\ = 
m2-a.e. on Br{x). 

For / G W^''^{X2) with supp(/) C Br{x) the locality property (|3.6p grants that 
\D{Xr — f)\ = \Df \ m2-a.e. on Br{x) and \D{Xr — f)\ = \DXr\ m2-a.e. on X2 \ Br{x). Hence 
by direct computation we get 

ll/llvFi'2(X2) ~ - /llvFi.2(X2) ~ ll^^llvi/i.2(X2) fXr dm2 = /dm2 

Taking into account our assumption (ii-b) we deduce 

/ /dm2 = / /o Tdmi, V/ G W^^^{X2) such that supp(/) C Br{x), 

JX2 JXi 

so that taking into account the arbitrariness of r > we deduce Tf^xrii = m2. 

In particular, the right composition with T provides an isometry of L^(X2) into L^(Xi) 
and thus by the assumption (ii-b) we get that / G W^''^(X2) if and only if / o T G W^''^(Xi) 
and in this case it holds /^^ |i:>(/or)|2dmi = /^^ \Df\^ dm2. Applying first Lemma SH] and 
then Lemma 14.191 we get the existence of a Borel mi-negligible set Ni C Xi such that the 
restriction of T to Xi \ J^i is 1-Lipschitz. 
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Now we claim that S'jjm2 = mi. To see this, observe that for x £ Xi \ N the identity 
S{T{x)) = X yields {x} C T~^{S~^{x)) and therefore E C T^^{S~^{E)) for every Borel 
E C Xi with £' n X = 0, which gives 

mi(^) = mi(^\X) <mi{T~\S^\E\J{))) =m2{S-\E\y^)) <m2{S-\E)), 

for every Borel set E C Xi. Similarly, if x G T^^(S'~^(x)) \ 3sf we have both S{T{x)) = x 
(because x e T'^{S~^{x))) and S{T{3:)) = 3: (because x ^ N). Hence {x} D T'^{S-'^{x))\:j^ 
and thus E D T~^[S~^{x)) \ 3sf for every Borel set E C Xi, which yields 

mi{E) > mi{T-\S-\E)) \ X) = mi{T~\S~HE))) = m2{S-\E)), 

for every Borel set E C Xi. Thus S^m2 = tni as claimed. In particular, the Borel set F C X2 
of x's such that T{S{x)) / x is m2-negligible (because if x G T^^{F) it holds T{S{T{x))) / 
T(x) and thus S(T{x)) 7^ x, so that T~^{F) C 3sf). Therefore for any Borel function g : X2 — )• 
M it holds g o T o S = g m2-a.e. and assumption {ii-h) yields that the right composition with 
S produces an isometry of W^''^{Xi) with W^''^{X2). Arguing as before we therefore deduce 
that there exists some Borel m2-negligible set J^2 such that the restriction of S to X2 \ N2 is 
1-Lipschitz. 

Conclude observing that 3sfi U T^^{J^2) C Xi is Borel and mi-negligible and that for 
x,y G Xi \ (Xi U T-\J<2)) it holds di(x,y) = d2(r(x), r(y)). □ 



Remark 4.21 The assumption about the left invertibility of T cannot be dropped, as shown 
by the example where (Xi,di) is made by two distant copies of (X2,d2) each one carrying 
the measure \xn2- B 

Remark 4.22 It is unclear to us if the assumption 'the measures give finite mass to bounded 
sets' can be dropped or not. ■ 

Remark 4.23 Proposition 14.201 can be interpreted in terms of category theory by saying 
that: in the category of metric measure spaces with the Sobolev-to-Lipschitz property and 
with measures giving finite mass to bounded sets, a reasonable choice of morphisms is given 
by 

T : X — )• y is a morphism if it is Borel and ||/ o r||^yi,2(x) < ll/llvi/i'2(y)) V/ : y — )• M Borel, 

the role of Proposition 14.20] being to tell that X and Y are isomorphic if and only if there are 
morphisms T : X and S -.Y ^ X with S oT = Idx and T o S = Idy . 

This is in analogy with the fact that in the category Met of metric spaces the natural 
choice of morphisms is given by 1-Lipschitz maps (see also the notion of enriched category 
[17]), or equivalently 

T : X ^ y is a morphism if Lip^(/ o T) < Lipy(/), V/ : y ^ M. 



Remark 4.24 There is nothing special about the Sobolev exponent 2 in Proposition 14.201 
Similar results hold for maps preserving the VF^'^'-norm, provided the appropriate reformula- 
tion of the Sobolev-to-Lipschitz property is considered. ■ 
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We are now ready to prove the main result of the chapter: 

Theorem 4.25 (The gradient flow of b preserves the distance) Assume (|4.24|) and re- 
call that the map F is defined in Theorem \3.21\ Then: 

i) There exists a unique continuous map F : supp(m) x M — >• supp(m) such that F = F 
m X L^-a.e.. 

a) For every t G M the map Ft : (supp(m), d) — )■ (supp(m),d) is an isometry. 

Hi) It holds Ft{Fs{x)) = Ft+s{x), for any x S supp(m) and t,s gM.. 
proof 

(i),(ii) Uniqueness is obvious. By Proposition 14.161 we know that for every t G M the right 
composition with F^ produces an isometry of W^''^{X) into itself. Apply Proposition 14.201 
to get the existence of an isometry Ft of (supp(m),d) into itself m-a.e. coinciding with F^. 
Identity (j3.34p then yields d(Fj(x), Fs(x)) = |t — s| for every x G supp(m) and t, s € M, which 
gives the continuity of F jointly in t, x. 

(iii) Direct consequence of the group property (|3.36p . the measure preservation property 
(I3.35P and what we just proved. □ 



5 The quotient space isometrically embeds into the original 
one 

5.1 Preliminary notions 

5.1.1 Evolution of Kantorovich potentials along geodesies 

We briefly recall how Kantorovich potentials evolve along a VF2-geodesic. 

Deflnition 5.1 (Hopf-Lax formula) Let {X,d) be a metric space and / : X — )■ MU {±00} 
a function. For t > define the function Qtf : X — t- M U {±00} as 

Qtf{x) := inU{y) + ^^. 

Put Qof := f. 

We recall the following simple continuity result (see e.g. [5] for a proof) 

/ G C{X) =^ Qsf{x) Qtf{x) as s^t for every x £ X, t > 0, (5.1) 
and the Lipschitz continuity estimate 

Lip(Q,/) < 2^f^Ij^, (5,2) 

which directly follows from the definition. 

The next proposition shows in what sense the evolution of Kantorovich potentials is driven 
by the Hopf-Lax formula, see e.g. Theorem 7.36 in [67j or Theorem 2.18 in [2] for a proof. 
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Proposition 5.2 Let {X,d) be a metric space, (/Uf) C ^2(^) o geodesic and 93 : X — )• 
M U {—00} a Kantorovich potential relative to it. 
Then for every t G [0, 1] ; 

• the function tQt{—'p) is a Kantorovich potential from pf to /xq; 

• the function (1 — (/3^) is a Kantorovich potential from pf to pi. 
Furthermore, for every t £ [0, 1] it holds 

Qti-V>) + Qi-ti-v"") > 0, everywhere, 
Qt{-f) + Qi-ti-^") = 0, on supp(/it), 

and for t G (0, 1) the functions Qt{—^) <ind Qi^t{—'-p'^) <ire Lipschitz on bounded sets. 

The aforementioned references do not mention the Lipschitz continuity of Qt{—f), Qi-t{—'-p'^) 
but this can be easily deduced observing that: 

- they are both bounded from above on bounded sets by definition, 

- the first inequality in (j5.3p ensures that they are also bounded from below on bounded 
sets, 

- a c-concave function which is bounded on some open set Vl is also Lipschitz on any set 
C C with d(C, X \ ri) > (see for instance the argument in [29]). 

5.1.2 Metric Brenier's theorem 

In [5] a metric-measure theoretic version of Brenier's theorem has been proved which links 
the minimal weak upper gradient of Kantorovich potentials to the W2-distance. The version 
we give is weaker than the one proved in [5], but sufficient for our purposes. 

Theorem 5.3 Let {X,d,m) be a metric measure space, {jit) C ^2{X) a geodesic such that 
for some C,T > it holds fit < Cm for every t S [0, T] and ip a Kantorovich potential 
inducing it. Assume that ip is locally Lipschitz. 
Then 

J \Dp\^dpo = Wi{po,l^i). 

Assume furthermore that for some open set Q, it holds p G S^(il) and supp(/.ff) C for every 
t G [0, T]. Then every lifting tv G =?^(C([0, 1], X)) of (pt) represents the gradient of —p in Q 
in the sense of Definition \3.11[ 

5.1.3 Optimal maps 

Given a metric measure space (X, d,m), the relative entropy functional Entm : ^{X) — >• 
M U {+00} is defined as 

J plogpdm, if /I = pm and (plogp)^ G m), 

+00, otherwise. 

We shall denote by L>(Entm) C ^2{X) the set of those p G ^2iX) such that Entnt(/i) < 00. 
We recall the definition of CD{K, 00) and RCD{K, 00) spaces ([50], [M], [Z], [3]): 



Entm(/i) := 
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Definition 5.4 {CD{K, oo) and RCD{K, oo)) A metric measure space {X,d,m) is a 
CD{K, oo) space provided for any £ D(Entm) there exists tt G OptGeo(/i, z^) such that 

Entn,((eO«7r) < (1 - t)EntM + tEntM - ^Wi{fi, u), Vi G [0, 1]. 

A CD{K, oo) space which is also infinitesimally Hilbertian is called RCD(K, oo) space. 

In the recent paper [52] (see also [35]), the following result has been proved: 

Theorem 5.5 (Optimal maps in RCD{K, oo) spaces) Let {X,d,m) be an RCD{K, oo) 
space and ^^u G 3^2{X) two measures absolutely continuous w.r.t. m. 

Then there exists a unique tt G OptGeo(/z, v) and this plan is induced by a map, i.e. there 
exists a Borel map T : X — t- Geo(X) such that tt = Tj/i. 

Notice that the uniqueness result is expressed at the level of geodesies, which in particular 
means that for 7r-a.e. 7 the geodesic connecting 70 and 71 is unique. In this sense, also in this 
abstract setting we recover the fact that 'optimal maps almost never hits the cut locus', a 
well known property of optimal transport in the smooth framework of Riemannian manifolds. 

This result can certainly be seen as a generalization of the well-known Brenier-McCann 
theorem about optimal maps on Riemannian manifolds. However, the strategy of the proof 
is very different from the classical one: in order to prove Theorem 15.51 neither the dual 
formulation of the transport problem, nor Kantorovich potentials are used, not even implicitly. 
In particular, this result has no relation with the metric Brenier theorem recalled before. 

The full proof of Theorem 15.51 is spread around various recent papers, we recall which are 
the key steps leading to the result: 

i) In [7] (see also [3]) it is proved that on RCD{K, 00) spaces the relative entropy admits 
gradient flows in a sense stronger than the one given in Definition 12.11 the so-called 
i^-Evolution-Variational-Inequality formulation of gradient flows (see also Appendix 

ED- 

ii) A general result in |24j tells that if a functional has gradient flows in the K-FMl sense, 
then it is ii'-convex along all geodesies. Thus in particular this is the case for the relative 
entropy on RCD{K, 00) spaces. 

iii) in [59] it is proved that if the relative entropy is i^T-convex along any VF2-geodesic, then 
given absolutely continuous measures v every optimal geodesic plan tt G OptGeo(^, v) 
must be concentrated on a set of non-branching geodesies 

iv) In [35] it has been shown that on non-branching CD{K, 00) spaces the same conclusions 
of Theorem 15.51 hold provided one assumes that both fi and have finite entropy. In 
|59j the authors observed that their result mentioned in (Hi) above is sufficient for the 
argument in |35j to work and - via a localization procedure - that the hypothesis about 
finiteness of the entropy can be weakened into absolute continuity of the measures, thus 
leading to Theorem 15.51 

One of the effects of the uniqueness part of Theorem 15.51 is that optimal geodesic plans 
between absolutely continuous measures are concentrated on a set of non-branching geodesies 
(as said, this is in fact the ingredient of the proof produced in [59]). This property allows 
for a localization of the CD{K, 00) condition similar to the one available on non-branching 
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metric spaces which we present in the following corollary. Once one has at disposal Theorem 
15.51 the proof follows standard means (see for instance the proof of Theorem 30.32 in |67j ) 
and therefore we omit it. 

Corollary 5.6 Let {X,d,m) be an RCD{K, oo) space and (fit) C ^2{X) a geodesic such that 
MOi l-i-i ^ Then fit <^m. for every t G [0, 1], say fit = /Ottn, and for any 0<t<r<s<l it 
holds 



log(pr(7r)) < - — ilog(A(7t)) + - — ilog(ps(7s)) - — — — d (7t,7s), TT-a.e. 7, 

(5.4) 



where tt G OptGeo(/.fo, ^1) is the unique optimal plan given by Theorem \5.5\ 



A useful consequence of inequality (15. 4p is the following m-a.e. convergence result for 
densities of measures along a geodesic: 

Corollary 5.7 Let (X,d,m) be an RCD{K, 00) space and {fit) C ^2(^) a geodesic such 
that fiQ^fii are absolutely continuous w.r.t. m with bounded density and bounded support. 

Then for some constant C it holds fit < Cm for any t G [0, 1] and denoting by pt the 
density of fit the following holds: for any t G [0, 1] and any sequence (t„) C [0, 1] converging 
to t there exists a subsequence {tn^) such that 

pt„^ — )■ Pt, m-a.e. as A; — > 00. 

proof The fact that fit < Cm for some C follows directly from (|5.4p and the fact that poiPi 
are bounded and with bounded support. 

For the second part of the statement it is sufficient to prove that ps — )• pt strongly in 
LP{X, m) for every p G [1, 00), which follows by general arguments involving Young's measures. 
Indeed, the fact that the p^'s are uniformly bounded and the weak convergence of ps to pt as 
s — 7- t in duality with continuous and bounded functions (because of VF2-convergence) yield 
that Ps Pt in L/'{X,m) as s — t- t. Hence to conclude it is sufficient to prove convergence of 
the L^-norms. 

Integrating (j5.4p w.r.t. tt we deduce that the map t 1— )■ Entni(/_ij) is K-convex, and given 
that it is finite at t = 0, 1 it is continuous, i.e. 

Entm(Ms) Entm(^j), as s t. (5.5) 

Let K he a bounded set containing supp(pt) for every t G [0, 1], so that m{K) < 00 and define 
I't '■= (Id, /Ot)tt(m|^), so that {vt} is a family of measures in X x [0, C] with uniformly bounded 
mass. The tightness of {pt}t&[o,i] easily yields the one of {ff}t6[o,i]> hence for any sequence (s„) 
converging to some t G [0, 1] there is a subsequence, not relabeled, such that (z^s„) converges 
to some measure u in duality with Ch{X x [0, C]). It is obvious that T^f'i^ = iTi and choosing 
test functions in Ch{X x M) of the form ip{x)z for ip G Cb{X) we see that / zdvx{z) = pt{x) 
for m-a.e. x, where {vx} is the disintegration of v w.r.t. the projection on X. Consider the 
function ^' : X x [0, C] M given by ^'(x,z) := z\ogz. Clearly ^ G Cb{X x [0, C]) and 
therefore 

Entn^(/i^„) = j -^dus,,^ j-^du = jj z log 2; dz^^(z) dm(x) 

- j (yj zdi^^iz)^ ^°^(/ dm(x). 
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having used Jansen's inequality. Recalling (j5.5p . that / zdvxiz) = Pt{x) for m-a.e. x and 
that ^;log2; is strictly convex, from the equality case of Jensen's inequality we deduce that 
i^x{z) = Spt{x) for in-a.e. x. Given that the result does not depend on the particular subsequence 
chosen, we proved that (Id, /9s)j(m|^) — )• (Id, /?t)jj(m|^) as s — )• t in duality with Cb{X x [0, C]). 
Considering now test functions of the form (x, z) i— )• \z\P we get the desired continuity of the 
L^-norms and the conclusion. □ 



5.2 Result 

It is obvious that on a smooth Riemannian manifold M, given a geodesic (/_ff) C ,'^2{M) 
the Kantorovich potential if inducing it is not unique in general: one can add an arbitrary 
constant to it and, more generally, slightly different constants on different connected com- 
ponents of ^0 provided an appropriate rearrangement which does not destroy c-concavity 
exists. Yet, Brenier-McCann's theorem ensures that if /io is absolutely continuous w.r.t. the 
volume measure, then the gradient of the Kantorovich potential is uniquely deter- 
mined fiQ-a.e., because the only optimal transport map from fj,Q to fit is given by the formula 
X I—)- exp^{—tVip{x)). 

The next lemma is an analogous of this uniqueness result valid on general infinitesimally 
Hilbertian spaces. 

Lemma 5.8 Let (X,d,m) be an infinitesimally Hilbertian space, (fit) C ^2{X) a geodesic 
and (^i,</?2 two Kantorovich potentials inducing it. Assume that ¥5i,</?2 oif^ locally Lipschitz 
and that for some T > it holds pt < C'^n for every t G [0, T] and some C > 0. 
Then 

|V(v?i - 932)1 = 0, /uo-a.e.. 

proof Notice that |V((/?i — ip2)\ is well defined m-a.e., thus since hq <^m the statement makes 
sense. Assume for a moment that there exists an open set Q C X such that ipi,(p2 G S^(r2) 
and supp(/it) C for every t £ [0, T'] for some T' > 0. 

By the first part of the metric Brenier theorem 15.31 we know 

J |V93i|2d/io = J |Vv32|'d/io = t^|(/^o,m)- (5.6) 

Now let TT G ^{C{[0, 1], X)) be a lifting of (/Uj) and use the second part of the metric Brenier 
theorem 15.31 to get that tt represents V(— 931). Thus the first order differentiation formula 
gZI yields 

lim j M2^1^Ml^d7r(7) = I (Vv92,V(-99i)) dfio = - j (V(^2,V(/.i) d^o- (5.7) 

On the other hand, since (p2 is also a Kantorovich potential, for any 7 G supp(7r) it holds 
71 G d'^ip2{'~fo) and thus 

/ N r N^d2(7o,7i) d2(7t,7i) 2/ .2/o\ 

Mlo) - Mlt) > = d (7o,7i)(* - t /2). 

Dividing by —t, integrating w.r.t. tt and letting t J, we get 

hm I M2:^l^^^d7r(7) < - | d2(7o,7i)d7r(7) = -iy|(/io,w). (5-8) 
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Coupling (j5.7p and (jS.Sp we get —f (V(^2iV(^i) d/Uo < — Wf(/io,/^i) which together with 
(|5.6p gives 

j |V((^i -(/J2)pd//o = y |V99ipd/io + j |V(/52pd//o-2 ^ (V(/5i,V992) d/io < 0, 

so that in this case the thesis is proved. 

To reduce to the case where an il. with the stated properties exists, we use the local nature 
of the thesis, the Lindelof property of {X,d) and the fact that for any Borel F C C([0, 1],^) 
with 7r(r) > the Kantorovich potentials ^pi,(p2 induce the geodesic t i— )• {et)^{c7v^^), where 
c := 7r(r)~^ is the normalizing constant. The thesis follows. □ 

It is a classical fact in optimal transport theory that on a Riemannian manifold M, a 
geodesic (//t) C ^2{M) solves the continuity equation ^fJ-t + jV • {\7(ptfJ-t) = in the 
sense of distributions, where (pt is any Kantorovich potential from fit to /xq differentiable 
on supp(/if) (there exists at least one of these). Reversing the time we also know that (fit) 
solves -^f^t — V ■ = 0, where il^t is any Kantorovich potential from f.it to fii differ- 

entiable on supp(/i(). Thus we expect that jVc/^i + j^Vip = holds on supp(/it) for every 
t. This can indeed be rigorously proved, and the next lemma provides an analogous of this 
statement on infinitesimally Hilbertian spaces. The proof is based on the relations ()5.3p . 

We shall make use of the restriction (and rescaling) maps Restrf : C([0, 1], — )■ C{[0, 1], 
defined for any t, s G [0, 1] by 

(Restrf (7))^ := -f(_i_r)t+rs- 



Lemma 5.9 Let (X, d, rh) be an infinitesimally Hilbertian space and (/it) C ^2iX) a geodesic 
such that fit ^ Cm for every t E [0, 1] and some C > 0. 
Then for every t £ (0, 1) it holds 

|V(i(^i + i^^t)| =0, tit-a.e., (5.9) 

for any choice of locally Lipschitz Kantorovich potentials (pt,il^t relative to the couples {fit^fJ-o) 
and (/ij,/Ui) respectively. 

proof By Lemma 15.81 and the simple 1-Lipschitz estimate ()4.4p it is sufficient to prove (15. 9p 
for some specific choice of locally Lipschitz Kantorovich potentials. Hence by Proposition 
15.21 we can choose an arbitrary Kantorovich potential ip from fiQ to //i, put for simplicity 
'■= Qt{—^) and V't := Qi-t{—p^) and reduce to prove that 

\V{(pt + = 0, fit-a-e.. 

Assume for a moment that for some bounded open set O we have supp{fit) C ^ for every 
t G [0, 1]. Fix t £ (0, 1), let tt G OptGeo(/xo; /^i) be inducing the geodesic (fit) and define the 
plans 7r± G ^(Geo(X)) by 

7r"*~ := (RestrJ)j7r, tt" := (Restr^)(j7r. 

By construction, 7r+ and tt" induce the geodesies s 1— )• fit+s(i~t) ^-iid s 1— t- f-tt[i-s) respectively 
and the metric Brenier theorem 15.31 together with Proposition 15.21 give 

j \V{tpt)\^dfit = Wiifit,f^o), and j \Vi{l-t)tl;t)\^dfit = Wiifit,fii), 
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which imphes 

j \V^t\^dfit = j iV^Atpd/it = T^|(/io,/ii). (5.10) 

The metric Brenier theorem also ensures that tt'^ represents the gradient of —"0* in so that 
the first order differentiation formula (|4.7|) gives 

hm / M22i)^^dvr+(7) = - / (V^.,V^A d,, (5.11) 



h40 J h 

Now notice that the identity (eo)tt7f''' = ^J't grants that for every 7 e supp(7r"'") it holds 
7o S supp(/Uf), thus from the relations (j5.3p we get 



/ 



Letting h ^0 and using again the fact that 7r+ represents the gradient of —ipt we have 

lim- / ^iM^iiMd.+ (7) = / |V^,Pd/... 
This fact together with (j5.1ip and ()5.12p imply 

and thus using ()5.10p we obtain 

which is the thesis. To remove the assumption on the existence of 0, we use the same local- 
ization procedure used in the proof of Lemma 15.81 above, we omit the details. □ 

Remark 5.10 (Infinitesimally smooth spaces) In the two lemmas 15. 8| 15.91 above, the 
assumption of infinitesimal Hilbertianity is more than what actually needed to conclude. 
Notice indeed that it has been used only to deduce that for 



such that [ |D/|2(7o)d7r(7)= / |I?5p(7o) d7r(7) < lim /" ZM_^d7r(7), 
Jn Jn tm J ^ 



f,ge S'^in), and tt G ,^{C{[0,1], X)) representing Vi-g) 

,2..,^._.../li^ /■/(7o)-/(7*),_,., (5.13) 
40 

it must hold 

\D{f-g)\=0, (eo)«7r-a.e.. (5.14) 
This conclusion can be derived in infinitesimally smooth spaces, defined as 

(X, d,m) is infinitesimally smooth provided for any fi G ^2{X) with n < Cm for 



some C > 0, the seminorm \\f\\fj, '■= y J l-^'/P d/x on S^(X, d,m) is strictly convex 
in the sense that: ||/||^ = = ^HZ + S'll^ implies \D{f - g)\ = fi-a.e.. 
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To see that on an infinitesimally smooth space one can deduce (j5.14p from ()5.13p . just notice 
that from (|3.17p and putting h := we get 

\ I \Dh\' d(eo)«7r(7) > Em 1 ~ ^^^^^ d7r(7) - ^1^^ j ds d7.{^) 

= \j |Z)5|'d(eo)a7r(7), 

having used the assumptions and the identity hm^j^o 7 //o l7sP ds d7r(7) = J \Dg\^ d(eo)jj7r(7), 
which directly fohows from the fact that tt represents the gradient of —g. 

Notice that the hypothesis of being infinitesimally smooth is, in a sense, dual of the one of 
being infinitesimally strictly convex. On equipped with the Lebesgue measure and a norm 
it is equivalent to the fact that the squared norm is C^, whence the terminology. We won't 
discuss this topic any further. ■ 

The next lemma can be seen as a variant of the basic result in Hilbert spaces granting that 
'weak convergence of {vn) to v plus strong convergence of iwn) to w implies convergence of 

{Vn,Wn) to {v,wY. 

Lemma 5.11 ('Weak-strong convergence') Let (X,d,m) he an infinitesimally Hilhertian 
space and Vl d X an open set. Also: 

i) Let C ,0^2{X) he such that fin < Cm for some C > and supp()U„) C 0, for any 
n G N. Let pn he the density of fin o,nd assume that pn ^ p m-a.e. for some prohahility 
density p with supp(p) C fl. Put p := pm. 



ii) Let [fn) C S^(il) he such that 



sup 

nSN 



[ \V fn\^ dm < 00, (5.15) 



and assume that fn — )• / m-a.e. on Q as n —t- 00 for some Borel function / : - 
Hi) Let (gn) C S^(il) and g € S^(il) he such that gn ^ 9 m-a.e. as n —t- 00 and 

sup / |V(7„pdm<oo, and lim / \Vgn\'^dpn = / Wg\'^dp. 

nmJn n^coj J 



neN Jn 

Then 



lim / {Vfn,Vgn)dpn= [ {Vf,Vg)dp. (5.16) 

n-^ooj J 



proof The assumption (j5.15p grants the weak relative compactness of (|V/„|) in L^(0), thus 
the lower semicontinuity of minimal weak upper gradients stated after Definition 13.81 yields 
/ e S^(r2). Hence taking into account that supp(//) C 0, and p < Cm by assumption, the 
right hand side of ()5.16p is well defined and the statement makes sense. 
Put C := sup„gf^ |V/„p dm < 00, fix e G R and notice that 

2e j {Vfn,^9n) dpn = j \V{efn + gn)\^Pn dm- j \Vfn\'^Pndm- j \Vgn\'^Pndm. 

(5.17) 
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From the assumption ()5.15p and the boundedness of the /3„'s again we obtain 

sup / |V/„|V«dm< CC". (5.18) 

For every n G N the function G„ := |V(e/„ + (7„)| is m-a.e. well defined on and the sequence 
{Gn) is bounded in L^(f]), thus up to pass to a subsequence - not relabeled - it weakly 
converges in L^(r2) to some G £ L^{n). From the fact that the Pn's are uniformly bounded 
and m-a.e. converge to p we easily deduce that {Gn^/pX) weakly converges in L^(0) to G^. 
Hence 

lim f Glpndm> [ G^p dm. (5.19) 

The definition of G and the lower semicontinuity of minimal weak upper gradients again, 
ensure that m-a.e. on Q it holds |V(e/ + g)\ < G and therefore (j5.19p gives 

lim f \V{efn + gn)?Pndm> [ \V{ef + g)\^p dm. 

Plugging this inequality in ()5.17p and using the assumption on {gn),g and ()5.18p we obtain 

lim 2e / (V/n,V<7n) > / \V{ef + g)\^pdm - e^G G' - [ \Vgfpdm 

= 2eJ (V/, Vg) d^ - [c G' - j | V/p d^*) . 

Dividing by e > (resp. e < 0), letting e J, (resp. e t 0) and noticing that the result does 
not depend on the particular subsequence chosen we conclude. □ 

Remark 5.12 (Infinitesimally uniformly convex spaces) In Lemma[5?TT]above, the as- 
sumption about infinitesimal Hilbertianity can be weakened into 'the space is infinitesimally 
uniformly convex\ this class being defined as: 

(X, d, m) is infinitesimally uniformly convex provided there exists a bounded Borel 
function X x [0, oo] 3 {x, r) i— t- uJx{t) such that for m-a.e. x the map r i— t- ^^(t) is 
continuous, non-decreasing and satisfies ^^(O) = and for which the inequality 



\Dg\ 



\D{g + ef)\ + iDjg - ef)\ - 2\Dg\ , /jDf\ \ 



holds for any f,g e S^(X, d,m) (on the set {\Df\ = \Dg\ = 0} the left-hand side 
is 0, thus it has no importance how to define the value of the ratio on this 
set). 

The terminology comes from the following fact: on a Banach space {B, \\ ■ ||) the inequality 

lit) -|- ei(;|| -|- llf — ewll — 2||'y|| ^ / \\'w\\\ 

\\v\\ < \\w\\ uj\ e-n— FT ) yv,w G B, 

2e v \\v\\ J 



is equivalent to the inequality 

\\v + ew\\ + \\v — euil 



1 < euj{e), yv,w G B, \\v\\ = WwW = 1, 
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as shown by some simple algebraic manipulation. The validity of the latter for some continuous 
function oj with f^(0) =0 is the defining property of uniformly smooth Banach spaces, and 
since a space is uniformly smooth if and only if its dual is uniformly convex (see e.g. |25|). 
we deduce that a Finsler manifold F is infinitesimally uniformly convex in the terminology 
above if and only if for a.e. x £ F the norm in the tangent space at x is uniformly convex 
(not necessarily uniformly on x). 

Coming back to the case of metric measure spaces and recalling Definition 13. 10^ it is not 
hard to show that 

(5.20) 

and in particular we see that infinitesimally uniformly convex spaces are infinitesimally strictly 
convex. In this remark we want to prove that under the same assumptions of the Lemma 
15.111 weakening 'infinitesimal Hilbertianity' into 'infinitesimal uniform convexity' and further 
assuming that 

fj-n < hxn, Vn G N, for some /i G L^(J7, m), (5.21) 
one can still conclude that 



lim / DfniVgn)dfin= [ Df{Vg)Aii. 

Indeed, put 



and notice that by assumption and the triangle inequality for minimal weak upper gradients 
we have 



ETT{eJ,g)<mmUDf\\Dgl\Df\^io{e{-^] }, (5.22) 



m 



\D9\jr 



then pick e > and use ()5.20l) to get 

/ DUVg^)d,^ < I \DgJ-^^ElL±lM^}^^,^^ 



/"in \ \^9n\ - \D{gn-£fn)\ , / . x , 

/ \Dgn\ h2Err(e,/„,5„)d//„. 



Arguing as in the proof of Lemma 15.111 we obtain 



= /|z„|Mi^£0^d,</«/(v,)d,. 

Notice that by assumption the sequence {\Dgn\) is bounded in L^(r2), thus up to pass to a 
subsequence we can assume that it weakly converges to some G G L^(r2). The lower semicon- 
tinuity of minimal weak upper gradients grants G > \Dg\ m-a.e. on 17. The m-a.e. convergence 
of Pn to p and the fact that these densities are uniformly bounded also give that {\F)gn\y/Pn) 
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weakly converges to G^fp and thus taking into account the assumption [iii) on the (7„'s we 
get 

/ |Z)5|Vdm< / GVdm< lim / |I?5„|Vndm< Ih^ / |L>5r„|Vndm= / \Dg\^pAx^, 

J J n^ooj n-^ooj J 

which forces strong L^-convergence of {\Dgn\y/p^) to \Dg\y^. Thus up to pass to a non- 
relabeled subsequence, we can assume that 

\Dgn\y/p^<H, Vn G N, for some if G (5.23) 

Now fix a, 6 > and notice that 



Err(e,/„,5(„)d/in = /, , , , , Err(e, /„, d/i^ 

f2 -'({|£'/n|>a})u({|D3„|<fe})u({|D/„|<a}n{|Dg„|>b}) 



by ([522]) < / \DU\\Dgn\di^n + h [ d/i„ + / ^j(e^) d^„ 

J{\Df„\>a} Jn Jn 

by (IS2I]),(IS22D <cj [ dm + bC + [ hoj{£-) dm, 

V J{\DU>a} Jn a 



l{\DU\>a} 

(5.24) 

where C := sup„ J |I?/np d/.f„ < oo. The dominate convergence theorem and the assump- 
tion on uj grants that lim^io Jq ^^{^a) ~ ^' ^^ile the Chebyshev inequality, the uniform 
bound on || |-C/n| ||L2(n) ^^d the absolute continuity of the integral ensure that 
limai-oo |>^|-ff^dm = 0. Thus letting first e | and then a,b~^ t oo in (|5.24p we 
deduce 

lim sup / Err(e,/„,st„)d^„ = 0. 
Taking all together we thus proved that 

m [ D/„(V(/„)d/i„< / Df{Vg)df,, 

and exchanging /„ with — /„ we get the other inequality and the conclusion. ■ 

Remark 5.13 (Strong-strong convergence on inf. strictly convex spaces) If assump- 
tions (ii), (iii) in Lemma 15.111 are strengthened into 

ii') (fn) C S^(r2) and / G S^(r2) are such that fn^f n\-a.e. as n — )• oo and 

\D{fn-f)\^0, m-a.e., |-D/„| < F, Vn G N for some F G ^^(rj), 

iii') (gn) C S^(r2) and g G S^(r2) are such that gn ^ 9 nx-a.e. as n — )• oo and 

\D{gn — g)\ ^ 0, m-a.e., \Dgn\ < G, Vn G N for some G G L^{n), 
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then the conchision 



hm [ DfniVgn)d^tn= [ DfiVg)d^i, 



holds on infinitesimally strictly convex spaces. Indeed, it is easy to see that the hypothesis 
yield that for 5 € M\{0} the sequence of functions l^^^""*"*^-^^^! — \^9n\ (i^Qj-^inated and m-a.e. 
converge to l^^^+'^'fil _ Thus fix e > 0, pick 6 < such that 



/ 



Df{Vg) dn<e + / — d^, 



and notice that 

J 26 n^ooj 26 n-^oaj 

Thus / DfiVg) d/x < hm„^^ / Dfn{Vgn) d^n and exchanging /„ with -/„ we get the other 
inequality and the conclusion. ■ 

We will now use the calculus tools just developed to produce quite general first order 
regularity results. In order to make use of Lemma 15.111 we will work with VF2-geodesics as 
follows: 

Definition 5.14 (Curves with time-continuous densities) Let {X,d,m) be a metric 
measure space and (fit) C ^2(^) absolutely continuous curve. We say that (fit) has 
time- continuous density provided for some C > it holds /it < Cm for every t £ [0,1] and, 
denoting by pt the density of fit, the following holds: for any t G [0, 1] and any sequence 
(tn) C [0,1] converging to t there exists a subsequence (tn^) such that 

Pt„^ — )• Pt, m-a.e. as fc — )• oo. 

In our applications. Corollary 15.71 will grant the existence of many geodesies of this kind on 
RCD{K, oo) spaces. 

Proposition 5.15 (Prom 1 1— )• f{xt) to 1 1— )■ J f dfit) Let {X,d,m) be an infinitesimally 
Hilbertian metric measure space, (pt) C ^2(^) o- geodesic with time- continuous density, 
C X a bounded open set such that supp(/Uj) C 0, for every t G [0, 1] and f G S^(r2) r\L^{yi). 
Then the map t J f dpt is and it holds 



fdpt = \j (V/, v^t) dpt yt G (0, 1] 

= - y (V/, vi^t) dpt, yt G [0, 1), 



(5.25) 



where for any t G [0, 1] the functions ft,4't cli"^ locally Lipschitz Kantorovich potentials from 
Pt to po and from pt to pi respectively. In particular, for any t G (0, 1) it holds 



d 
dt 



j fdpt = I {Vf,V{Qt{-^)))dpt = - j {Vf,Qi^t{-v''))dpt, (5.26) 
where 93 is any Kantorovich potential from pQ to pi . 
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proof A direct consequence of the assumptions is that /|/|d/it < oo for any t G [0,1] so 
that the statement makes sense. Also, according to Lemma 15.81 the values of the right-hand 
sides of expressions (|5.25|) and (|5.26p do not depend on the particular choice of Kantorovich 
potentials. Fix a bounded Kantorovich potential ip from hq to //i so that in particular - as it 
is easily seen - both ip and ip*^ are Lipschitz. 

Fix to G [0, 1), put TT^ := (Restr^p)n7r so that ttJ is a lifting of the geodesic 1 1— >■ 
and recall that by Proposition [52] Qi-to ("V''^) induces such geodesic. The metric Brenier 
theorem 15.31 and the first order differentiation formula (j4.7p give 



We claim that t J (V/, V((5i_t(— 93^))) dfit is continuous on [0, 1) and to this aim we shall 
apply Lemma 15.111 Let (t^) C [0, 1) be converging to t G [0, 1) and use the assumption that 
{Ht) has time-continuous density to extract a subsequence, not relabeled, such that the density 
of converges tn-a.e. to the density of fit as n ^ 00. Put fin '■= /^t„, fJ- '■= IJ-t, Qn '■= f, g '■= /, 
fn '■= —Qi-tn{—v'^) and / := —Qi-t{—ip'^) so that assumptions {i) and {in) of Lemma [5.111 
are fulfilled. By the continuity property ()5.ip and the fact that the functions —Qi-s{—(p'^) 
are uniformly Lipschitz on s G [0, 1 — e] (recall ()5.2p ) we also get that assumption (ii) is 
satisfied and we get / (V/, V(Qi-t„ dnt„ J {V f,V{Qi-ti-(p''))) d/it as desired. 
Given that the result does not depend on the particular subsequence chosen, the claimed 
continuity follows. 

Now repeat the argument for the time reversed geodesic 1 1— )• to deduce that the left 
derivative of J /d^t exists, is continuous on (0, 1] and equal to J (V/, V((5f(— dfif 

Using Lemma 15.91 we get that left and right derivatives coincide on (0, 1) and Proposition 
fallows to switch between dOSD and ([526]). □ 

Proposition 5.16 (From 1 1— )• ^d'^{xt,y) to 1 1— )• iVF|(//4, z/)) Let {X,d,xh) be an infinitesi- 
mally Hilbertian space, (fit) C ^2iX) 0, geodesic with time- continuous density and v G 0^2{X) 
he such that for some hounded open set i7 it holds supp(/xj) C ^ for every t G [0, 1] and 
supp(^') C VL. 

Then the function 1 1— )• ^TVf (/it,z^) is and its derivative is given hy 





(5.27) 
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where (ft,il^t,(t>t <^f^ locally Lipschitz Kantorovich potentials from fit to fiQ, from fit to fii and 
from fit to V respectively. In particular, for any t £ (0,1) it holds 

= I {V(t>t,V{Qt{-v))) M = - j (V<^t, V(-Qi_t((p^))) dfit, (5.28) 
where (p is any Kantorovich potential from fiQ to fii and (pt is as before. 

proof By Lemma 15.81 we know that the right-hand sides of (j5.27p and (j5.28p do not depend 
on the particular choice of Kantorovich potentials. Thus fix a family {(pt} of Kantorovich 
potentials from fit to uniformly Lipschitz and uniformly bounded on il. and a Kantorovich 
potential if from /Uq to fii such that both ip and ip^ are Lipschitz on (these exist because 
the supports of the measures are all contained in the same bounded set). 

It is obvious that t i— t- ^W2{fit,i^) is Lipschitz and in particular differentiable for a.e. 
t G [0, 1]. Let D C (0, 1) be the set of points of differentiability, pick t G D and notice that 

^W|(/uj,z^) = j(ptdfit + jcptdi^, 

^wiifit+h, i^)> j (Pt dfit+h + J (P't di^, yhew s.t. t + he [0,1]. 

Hence 

^^Wi{fit+,,.)-Wi{fit,u) ^^[^^ ^j^f rPtoet+H-^toet 

hio 2h hio J h hio J h 

^^Wiifit^,, V) - W:^{fit, ^) < /- - = hm / '^^ ° - '^^ ° dTT, ^^''^^ 

hto 2h J h htoJ ri 

where tt G ^(Geo(X)) is any lifting of (fit)- With the same restriction and rescaling argu- 
ments used in the proof of Proposition l5.15l above we see that the lim and lim at the right-hand 
sides in the above expressions are actually limits and that for any t G D it holds 

lim / ^_l^^l±h_±^^^ = _j (V^„V(Q,_,(-^^)))d^„ 
hm / ^i^^i±^LZ^dvr= / (V0„ V(Q,(-^))) d;., 

hto y h J 

By Lemma 15.91 we know that the right-hand sides of these expressions coincide, therefore by 
(f5T29D we deduce that formula (fOHD holds for i G D. 

Now we claim that 1 1— ?• / (V0j, V(5i_j(— (^'^)) dfit is continuous on [0, 1). Using the same 
time-reversion argument used in Proposition l5.15l above and Proposiiton l5.2l to switch between 
()5.28p and ()5.27p . this will be sufficient to conclude. 

We shall apply Lemma 15.111 Let (t„) C [0, 1) be converging to t G [0, 1) and use the 
assumption that {fit) has time-continuous density to extract a subsequence, not relabeled, 
such that the density of fit^ converges m-a.e. to the density of fit as n ^ oo. Put fin := fit„, 
fi := fit, Qn ■= -Qi-tni-f""), g ■= -Qi-ti-^"") and /„ := (/>t„. It is clear that assumptions (i) 
and (Hi) of Lemma fS-lll are fulfilled (use the fact that s i— )• J \S/Qi-s{—p'^)\'^ dfis is constantly 
equal to VF|(/io,/Ui) - see the proof of Lemma [53]- to get that /|V(7„pd/x„ — f\\/g\'^dfi). 
Now recall that the functions /„ are uniformly Lipschitz and uniformly bounded on il.. Thus 
up to passing to a subsequence, not relabeled, we can assume that for some Lipschitz function 
/ it holds fn{x) — )• f{x) as n — 7- oo for every x G 0. Thus also the assumption [ii) of Lemma 
15.111 is fulfilled and noticing that / must be a Kantorovich potential from fit to v and that 
the result does not depend on the particular subsequence chosen, we get the thesis. □ 
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Remark 5.17 (Averaging out the unsmoothness) It is a banality that one of the main 
problems in making analysis on non-smooth spaces is that they are, indeed, non-smooth. 
This means in particular that we cannot realistically hope to have a well defined and well 
behaved tangent space at every point, and hence there is little chance to define functions. 
However, if one believes that a tangent space exists at tn-a.e. point (which as we have seen is 
in some sense always the case from the point of view of Sobolev calculus), then analysis should 
becomes easier when lifting computations from points to absolutely continuous measures with 
bounded densities. Very roughly and heuristically said, this has the effect of 'averaging out the 
unsmoothness' because the m-a.e. defined tangent space becomes a well behaved 'integrated' 
tangent space at the considered measures. This is the idea behind Prop osit ions 15 . 1 5l and 1 5 . 1 6l 
where we see that after such lift we can carry out a first order calculus similar to that available 
in the smooth setting. 

As a curiosity, we point out that Propositions 15 . 15] and [5TT61 give improved regularity even 
if the underlying space is a smooth Riemannian manifold. Indeed, the squared distance is 
certainly not a function in general, but when lifted to probability measures with bounded 
densities such regularity along minimal VF2-geodesics is always granted. ■ 

Remark 5.18 (Weakly curves) One of the ingredients needed in Propositions 15. 15^ 
15.161 to get regularity is that, shortly and roughly said, the velocity vector fields of the 
considered curves are continuous in time: the same conclusions certainly cannot be derived 
under the only hypothesis that the curve (/Uj) is absolutely continuous w.r.t. W2 and with 
time-continuous densities as in Definition 15.141 

At least for Proposition 15.151 the same sort of regularity can be obtained if (/ii) is a 
weakly curve, these being defined as: 

(/if) is a weakly curve provided it has time-continuous densities and there 
exists a family {ft]te[G,i\ 8^(0), Q. being an open set such that supp(^t) C 
for every t G [0, 1], such that the following holds: 

i) supfg[o,i] l-^/fP dm < 00 and for every sequence (t„,) converging to t there 
exists a subsequence {tn,,) such that ft„^ — )• /* m-a.e. as /e — )• 00, 

ii) for some (and thus any) lifting tt of {nt) and for any t G [0, 1] the plans 
(Restrj)[j7r and (RestrJ)[j7r represent the gradients of —tft and (1 — t)ft re- 
spectively. 

Then if the space (A, d,m) is infinitesimally smooth and infinitesimally uniformly convex 
(Remarks 15.101 and I5.12p Proposition 15.151 holds if instead of geodesies one considers weakly 
curves. 

Proposition 15.16] is a bit more delicate to handle because we have to check the continuity of 
/ D(j)t{V{Qt{—f))) dut rather than of / Df{V{Qt{—^))) d/if : the additional time-dependence 
of the (/)f 's requires some care. We won't enter the discussion about the natural 'infinitesimal' 
requirement needed to get such regularity. 

An example of a weakly curve on a general space (A, d, m) with m G ^{X) is given by 
t ^ lit '■= Pt^, where (pt) is the gradient fiow trajectory of ^ / \Dp\'^ dm starting from some 
probability density po G S^(A) with p,p~^ G L°°(A), in this case the functions ft are given 
by ft '■= log(/5f). See [36] for further comments in this direction. ■ 

We will now use the regularity just proved to get an important geometric information 
about the behavior of the squared distance along the gradient fiow of b on our infinitesimally 
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Hilbertian CD{0, N) space {X, d, m). Notice that while the above calculus rules are valid even 
in non-infinitesimally Hilbertian spaces (Remarks 15. 101 [5. 121 and[ 5.13p . the following geometric 
consequence strongly relies on such assumption, see Remark 15.241 

We shall use formulas ()2.12p . which can be equivalently rewritten as 



Qth = h- Qt{-h) = -b - I (5.30) 



for any t > 0. 



Corollary 5.19 With the same notation and assumptions as in (j4.24p and recalling that the 
flow F is defined in Theorem \4- 25 ^ the following holds. 



Let /i, G ^2{X) be two measures with bounded support such that n^v < Cm for some 
C > and put fj.t := (Ft)j/i. 

Then the map 1 1— t- WJ^ (/^ti ^) ^^•^ ^ unique minimum and such minimum is the only t G M 
for which f b df-H = / b dz/. 

proof Since J h d^t = J hoFtdn = —t + J hdfi, there is exactly one t G M such that J b d^t = 
J hdu. Also, the map 1 1— )■ M^2^(/it, u) is continuous and converges to +oo as |t| — )• +oo, hence 
it has a minimum, say tQ. Thus to conclude we need just to show that Jbd/Uj^ = Jhdv. 

Let TT G OptGeo {v, fitd) and s i^s '■= {^s)^'^ be the corresponding geodesic from to 
fjLto- We claim that for each s G [0, 1] the map t i— )• VF^ (z^, (Ft)^i's) has a minimum for t = 0. 
Indeed, if by absurdum for some t G M it holds W2{i', (Ft)^i's) < W2{i',i^s), the fact that 
Ft '■ supp(m) — )• supp(m) is an isometry would give 

W2{u, (Fthfito) < W2{u, {Ft)iUs) + W2{{Ft)iUs, {Ft)mo) 

< W2{v,Vs) + W2{Vs,lJ-to) = W2{v,llto), 

thus contradicting the minimality of to- 

Let be a Kantorovich potential from v to /xjq and recall (Proposition 15. 2p that for 
'■= Qs{—f) the function sips is a Kantorovich potential from Ug to which is Lipschitz on 

bounded sets. Also, by Theorem 12. 31 we know that b is a Kantorovich potential relative to the 

geodesic [0, 1] 9 t H> (F^_i )ps. 

From the measure preservation property (Ft)jm = m it is immediate to verify that t i— t- 

(F^_i)l(Z^s has time-continuous density, thus by Proposition I5.16"t the minimality of i^s and 

recalling the formulas ()5.30p we have 

d 1 /* 

= ^2^2(^,(Ft)F«)|t=o = ^ J (V(^.,Vb) dz.., VsG[0,l]. 

By Corollary 15.71 we know that also (vs) has time-continuous density, hence applying Propo- 
sition [5T5] we get 



d 
dt 



j hdvs = j Vb) dus = 0, Vs G (0, 1] 



i.e., s I—)- jhdvg is constant and the proof is completed. □ 
We are now ready to introduce the quotient metric space: 
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Definition 5.20 (The quotient metric space) With the same notation and assumptions 
as in (j4.24p and recalling that the flow F is built in Theorem \4.25l we put X' := supp(m)/ ~ 
where x ~ y if x = Fj(?/) for some t G M. 

We also let n : supp(m) — )• X' be the natural projection and define d' : [X']"^ — t- by 

d'{TT{x),Tr{y)) := m{d{x,Ft{y)), Vx, y G supp(m). (5.31) 

From the fact that (F^) is a one-parameter group of isometries it is immediate to see that the 
definition of d' is well posed, i.e. that the right hand side of (j5.3ip depends only on 7r(x), 7r(y). 



Proposition 5.21 With the same notation and assumptions as in Definition \5.20\ the follow- 
ing holds. {X',d') is a complete, separable and geodesic metric space, and the topology induced 
by d' is the quotient topology. 

proof Symmetry, triangle inequality and the fact that d'{x',x') = for any x' G X' are 
obvious. Let x',y' G X' and notice that the map t i— )■ d(x,F((y)) is continuous and goes to 
+00 as |t| —7- +00. Hence it has a minimum and from this fact and the definition (I5.3ip it 
easily follows that for any couple x',y' G X' and x G tt~^{x') we can find y G 7r~^(y') such 
that d{x,y) = d'{x' , y'). In particular, d'{x' , y') = implies x' = y' so that {X' , d') is a metric 
space. 

The separability follows from the one of {X,d). To prove completeness let (x'„) C X' 
be such that < °° i^n) C supp(m) such that '/r(x„) = x'„ and 

d{xn, Xn+i) = d' {x'j^, x'^_^_i) for any n G N (the above discussion ensures that such x„'s can 
be found). Then (xn) is a Cauchy sequence in supp(m) and thus it converges to a limit 
X G supp(m). Given that d'(7r(x), 7r(x„)) < d(x,x„) — 0, completeness is proved. 

To prove that it is geodesic, let x', y' G X' and find x G TT~^{x'),y G TT~^{y') with d(x, y) = 
d'{x',y'). Let 7 be a geodesic connecting x to y. Then the fact that vr : {X,d) — )■ {X',d') is 
1-Lipschitz yields 

d'(^(70, 7r(7,)) < d(7t,7.) = \s- t|d(x,y) = \s - t\d'{x',y'), Vt, s G [0, 1], 

i.e., the curve 1 1— )• 7r(7f) is a geodesic connecting x' to y' . 

For the final statement, let r be the topology on supp(m) induced by d, tj' be the topology 
on X' induced by d' and r^^ the quotient topology on X' . Since vr : (supp(m),d) — )• {X',d') is 
1-Lipschitz, it is continuous from (supp(m), r) to {X',Td') and thus t^' C Tj^. 

We claim that vr : (supp(m), r) — {X, t^') is open. Indeed, let U € t, pick x' G vr(^7) and let 
(x'„) C X' be such that d'(x', x'„) — and d'(x^, x'j_^;^) < 00: to get the claim it is sufficient 
to prove that eventually x'„ G vr(C/). Let, as before, (x„) C supp(m) be such that vr(x„) = x^ 
and d{xn,Xn+i) = d'(x'„, x^^;^) for any n G N. The completeness of (supp(m),d) grants that 
there exists a limit point x G supp(m) of (x„) and the continuity of vr : (supp(m),r) — )• 
(X, Td') that vr(x) = x' . The assumption x' G vr([/) gives that 7r~^(x) n f/ 7^ 0, thus the fact 
that 7r(x) = x' implies the existence of t G M such that Ft{x) G U. Since U is open and 
F-t : (supp(m),d) — )• (supp(m),d) an isometry, for n £ N large enough it holds Fj(x„) G U. 
Thus for n G N large enough x'„ G vr(C/), as desired. 

To conclude the proof pick now V € t^^, so that vr"^(y) is open in supp(m) and observe 
that by what we just proved V = tt(tt~^{V)) belongs to t^'. Hence r^r C t^' and the proof is 
completed. □ 
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The projection map vr : X — )• X' has a natural right inverse: 

Definition 5.22 (The embedding of X' into X) With the same notation and assump- 
tions as in Definition \5.20l the map l : X' ^ X is defined by 

i{x) = X, provided 7r(x) = x and b(x) = 0, 

Corollary 15.191 allows us to prove the main result of this chapter: 

Theorem 5.23 (The quotient space isometrically embeds into the original one) 

With the same notation and assumptions as in Definition \5.2(A l is an isometric embedding 
of{X',d') into {X,d). 

proof Let x',y' € X' and x := i{x'), y := i{y'). By definition of d' and l it certainly holds 
d'{x',y') < d{x,y). To prove the converse inequality amounts to prove that the minimum 
of the function f(t) := d{x,Ft{y)) is attained at t = 0. Notice that by definition we have 
x,y e supp(m) and for e > let fJ.ci'e G J!^2{X) be given by jj-s := m{Bi;{x))~^m\ , 

i^e ■.= m{Be{y)y^m\^^^^y 

Define fe{t) := W2{^J'e, (Ft)tt^£)i notice that fg is 1-Lipschitz and that the inequality 

\d\xi,yi) - d\x,Ft{y))\ < \d{xi,yi) - d{x,Ft{y))\\d{xi,yi) + d{x,Ft{y))\ 

< 2e(2e + 2t + 2d(x,y)), Vi G M, xi e B,{x), yi G 5,(Ft(j/)), 

yields 



/ J d2(xi,yi)d7(xi,?/i) - d(x,Ft(y)) <^ J \d'^ixi,yi) - d'^ix,Ft{y))\d'y{xi,yi) 

< ^/2e{2e + 2t + 2d{x,y)), 

where 7 is any transport plan from fi^ to {Ft)^i'e- Hence 

\fs{t)-f{t)\ < y/2e{2e + 2t + 2d{x,y)), Vt G M. 

By definition, it holds | J h d/ie| , | / b dz^^l < e, thus letting be the minimum of fe, Corollary 
[539] and the fact that /bd(Ft)jz^e = Jbdi^e + t for any t G M yield \te\ < 2e. 
Thus for any t G M we have 



/(O) < ^2e(2e + 2d(x,y)) + /,(0) 

< V2e(2e + 2d(x,y)) + + |t. 



< V2e(2e + 2d(x,y)) + + 2e 



< ^/2e{2e + 2d{x,y)) + f{t) + ^/2e{2e + 2t + 2d{x,y)) + 2e, 
so that letting e | we conclude /(O) < f{t) for any t G M, as desired. □ 



Remark 5.24 (The role of infinitesimal Hilbertianity) As the proof shows, Theorem 
I5.23l relies only Corollarv l5.19l which in turn heavily depends on the infinitesimal Hilbertianity 
assumption. To see why, let's perform the same kind of computation on a smooth Finsler 
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manifold F. Assume that there is a smooth function b on F whose gradient flow F is a one- 
parameter group of isometries from F to itself. Fix points x,y X, let f{z) := |d^(z,x) and 
assume that the minimum of M 9 t i— )• f(Ft{y)) is attained at t = 0. Let (x^) be a geodesic 
from X to y and notice that with the same arguments as above we get that the minimum of 
M 9 1 1— 7- /(Ft(xj,)) is attained at t = for every s G [0, 1]. 

Pretending that for each s G [0, 1] the map 1 1— )• f(Ft{xs)) is smooth near 0, the minimality 
of Xs gives 

= ^J{Ft{xs)\^, = Df{F',{xs)) = -Df{Vh){xs). 

On the other hand and again neglecting smoothness issues, we have the trivial identity x'g = 
^V/(xs), thus for the derivative of b along Xg we have 

^h{xs) = -m(v/)(x,). 

as s 

The problem is now evident: from the fact that Df{'Vh){xs) = we cannot deduce 
Dh(W f){xs) = on a general Finsler manifold. Indeed, the identity Df(Vg) = Dg{^ f) 
is true for arbitrary smooth /, g if and only if the manifold is actually Riemannian. 

The identification of differentials and gradients (i.e. the symmetry relation ()4.2p ) is pre- 
cisely what makes the argument of the proof of Corollary 15.191 work. ■ 

Theorem 15.231 has a number of simple consequences about the structure of X' . We start 
defining the natural maps from X' x M to X and viceversa. 

Definition 5.25 (Prom X' x M to X and viceversa) With the same notation and assump- 
tions as in Definitions \5.20i and \5. 2^ the maps T : X' x M — )• supp(m) and S : supp(m) — )• 
X' X M are defined by 

J{x',t) := FMx')), 
S{x) := (7r(x),b(x)). 

Proposition 5.26 (T and S are homeomorphisms) With the same notation and assump- 
tions as in Definition \5.20\ the maps T, S are homeomorphisms each one inverse of the other 
which satisfy 



-^^d'«,x'2)2 + |ti -tsP < d(T(x;,ii),T(x'2,t2)) < V2sj6'{x'^,x'^Y + \ti-t2\\ (5.32) 
for any x'i,x'2 G X' , ti, t2 G M. 

proof It is clear that T o S = Idsupp(m) and S o T = Idx'xR) thus we only need to prove (j5.32p . 

For the first inequality notice that since both vr : (supp(m),d) — )■ {X',d') and b : 
(supp(m),d) — )■ (M, dEuci) are 1-Lipschitz, it holds 

6{J{x\,ti),J{x'2,t2))^ > max{d'(x;,4)Mti -t2p} > ^ (d'(x;, x'a)^ + |ti - ^2^) • 

The second follows from: 

d(T(x;, ti), T(x'2, t2)) = d{Ft, {i{x[)),Ft, (44))) 
= d{Ft,_tMx[)),L{x'^)) 

<d{Ft,.tMx[)),Lix[))+d{i{x[),i{x'2)) 
= \tl - t2\ + d'{x'i,x'2) 



< V2Jd'{x[,x'^)^ + \ti-t2\^. 
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□ 

We can now introduce the natural measure on X' as follows: 

Definition 5.27 (The measure m') With the same notation and assumptions as in Defi- 
nition [5. 201 we define the measure m! on {X\6') as: 

m!{E) := m{TT~^{E) n b"^([0, 1])) , 'iEcX' Borel. 

Notice that the definition is well posed because from Proposition 15.261 we know that for 
E (Z X' Borel the set ■n~'^{E) C X is also Borel. 

The fact that Ft preserves m easily grants that T, S are measure preserving: 

Proposition 5.28 (T and S are measure preserving) With the same notation and as- 
sumptions as in Definitions \572^ \ 5.21\ we have T(j(m' x = m and S^m = m' x 

proof It is sufficient to prove that Sjm = m' x £ ^ . Given that both m' x £ ^ and Sum are Borel 
measures defined on the product space X' x M, to prove that they coincide it is sufficient (see 
e.g. Corollary 1.6.3 in [22]) to prove that for any Borel set E d X' and any interval / C M it 
holds 

Sjm(£; X /) = m'(£;)£^(/). (5.33) 
By definition of m', this is true if / = [0, 1) and the identity 

F^i(T(^ X [a, a + 1))) = J{E x [0, 1)), Va G M, 

together with the fact that (Fa)jm = m shows that (15.33P also holds for / of the kind [a, a + 1) 
for any a G M. Then using the fact that (Fi/2)tt^ = ^ and the trivial identities 

E X [0, l) = {Ex [0, 1/2)) U X [1/2, 1)), {E x [0, 1/2)) n (^ x [1/2, 1)) = 0, 

we deduce that (|5.33p holds for I = [0, 1/2), and then again using (Fa)jm = m, that it holds 
for all intervals of the kind [a, a + 1/2) , a G R. 

Continuing this way by bisections, we deduce the validity of (j5.33p for / = [a, a + A;/2") 
for a G M and /c, n G N. Then a simple approximation argument gives (I5.33P for any interval 
/ C M, and thus the conclusion. □ 

The metric information given by Theorem 15 . 231 and the measure theoretic one given by Propo- 
sition [52H] gi'ant natural relations between Sobolev functions on X and X' . To emphasize the 
fact that the minimal weak upper gradients depend on the space and to help keeping track of 
spaces themselves, we write |V/|x (resp. |V/|x') for functions / G Sj^jjj,(X) (resp. in S\^^{X')). 
Notice that we use the notation |V/|x' even if for the moment we don't know that {X' , d',m') 
is infinitesimally Hilbertian: this will be soon evident once the following proposition is proved, 
see Corollary 15.301 

Proposition 5.29 With the same notation and assumptions as in Definitions \5.20[ \5.27[ the 
following holds. 

i) Let f G S^„^(X) and for teRlet /W -.X'^Rbe given by := fO'ix'^t))- Then 

for L^-a.e. t it holds /W G Sf„^(X') and 

[^f^^\x>{x) < |V/|x(T(x',t)), m' X £i-a.e. {x',t) eX' xR. 
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ii) Let g e Sl^{X') and define f -.X ^Rby f{x) := c; o ^. Then f G Sl^{X) and 

\Vf\xix) = \Vg\x'i7Tix)), m-a.e. xGX. (5.34) 

proof For / : X — ?• R denote by lip^ (/) : X — t- [0, +00] its local Lipschitz constant in the 
space d) and similarly for (7 : X' — )• M, lipx'{g) ■ X' — )■ [0, +00] is its local Lipschitz 
constant of in the space {X' ,d'). 

(i) We have the simple inequality 

Now notice that with a truncation and cut-off argument and thanks to the local nature of 
the claim it is not restrictive to assume that / G W^'^{X). According to Theorem 14.31 there 
exists a sequence (/„) C L^(X) of Lipschitz functions such that /n — / and lipx(/n) — ^ 
|V/|x in L'^i^) as n — 7- 00. Up to pass to a subsequence - not relabeled - we can further 
assume that Y.n - /n +iIlL^ < 00 and Y^n l|liPx(/n) - |V/|x||l2 < 00 which, taking into 
account Proposition 15.281 easily implies that for £^-a.e. t we have fnO'{t, •)) ~^ fO'i'^^ ')) 
liPx(/n)(T(i, •)) ^ |V/|x(T(t, •)) in L\X') as n ^ 00. 

Fix such t and apply inequality ()5.35p to the function /„ on b~^(t), then let n — t- 00 and 
recall the inequality |Vg(|x' < ^^Px'id) valid for any Lipschitz function g (inequality (j3.8p ) 
and the lower semicontinuity of minimal weak upper gradients to conclude. 

(ii) Let R > and X : M — )■ [0, 1] be a Lipschitz cut-off function with compact support 
and identically 1 on [—R,R]. Thanks to the local nature of the thesis we can assume that 
g e W^''^{X') and prove that /X o b G W^'^{X) with the identity (|5.34p being true for m-a.e. 
X G b-^h^,^]). 

The argument is similar to the one we already used: let (gn) be a sequence of Lipschitz 
functions on X' such that g-n ^ 9 and lipx'idn) — ^ in L?'{X') and notice that by 

Proposition 15.281 the functions fn '■= gn ° ° b converge to fX o b in L'^(X). Now observe 
that for X G h~^{{-R,R)) and G N it holds 

r ff\f\ T- - fn{x)\ , |ffn.(7r(j/)) - ffn(7r(x))| r \f f W QftA 

liPx(/n (x = hm ^ < hm — — = lipx,(^„ vr x , (5.36 

y-^x a{x,y) y^x d (7r(xj, 7r(y)j 

and that the inequality (13. 9p and the construction ensure that {Ivpxifn)) is bounded in L?'{X). 
Thus up to pass to a subsequence - not relabeled - we can assume that lip^(/„) — )• G weakly 
in L^(X) for some Borel function G. By the lower semicontinuity of minimal weak upper 
gradients and the L^(X)-convergence of /„ to /Xob we deduce that |V(/Xob)|x < G m-a.e. 
and by the locality property (|3.6p that |V/|.y = |V(/Xob)|x m-a.e. on b^^([— i?, i?]). Passing 
to the limit in (|5.36p we deduce that inequality < holds in (j5.34p . The other inequality is a 
consequence of point (i) of the statement, hence the proof is complete. □ 

It is now easy to prove that the quotient space is an infinitesimally Hilbertian GD{0,N) 
space, the proof of the curvature-dimension bound being similar to the one given in [5^ for 
the case of a compact group action on non-branching spaces. Notice that to get the dimension 
reduction we will need a further argument (which will be easy once the product structure will 
be clear), described in the last chapter. 
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Corollary 5.30 {{X' ,d' ,m') is an infinitesimally Hilbertian CD{0,N) space) With the 
same notation and assumptions as in Definitions \5.20\ and 5.27\ (X',d',m') is an infinitesi- 
mally Hilbertian CD{0, N) space. 



Infinitesimal Hilbertianity Let /', g' G Si^^{X') and define /, g as f{x) := /'(7r(x)), g{x) :- 



proof 

itesimal Hilbertianity Let f',g' G Sj^^ 
g'{7r{x)). By Proposition 15.291 above we know that f,g € Sf^^{X), hence, since {X,d,m) is 
infinitesimally Hilbertian, it holds 

|V(/ + g)\'x + |V(/ - <7)|^ = 2(|V/|| + \Vg\j,), m-a.e.. 

Then noticing that (/ it g){x) = (/' it g'){Tr{x)), using Proposition 15.281 and Fubini's theorem 
we deduce 

|V(/' + + |V(/' - = 2(|V/'|2,, + \Vg'\l,), m'-a.e., 

which, by the arbitrariness of f',g' G S^^^^X), yields the claim. 

Curvature Dimension condition A simple approximation argument shows that we can 
prove the curvature-dimension inequality (j3.ip only for given ^',z/' G ^2iX') with bounded 
support and absolutely continuous w.r.t. m'. Fix such fj.' , u' , say fi' = p'm and u' = rj'm' , and 
define /i, G ^2iX) as 

and notice that fi, v have bounded support and, by Proposition 15.281 they are absolutely 
continuous w.r.t. m with density p := {p' o and rj := {rj' o 7r)||_^_-^^j^ respectively. 

Choose tt' G OptGeo(/.f', v'). We claim that tt := Jjj(7r' x /^-"^ij^ belongs to OptGeo(/i, u), 

where J : C([0, l],X') x [0, 1] ^ C([0, is defined by 

(J(7',to))t :=T(7;,to), V7'gC([0,1],X'), to,* S [0,1]. 

We shall prove this by direct comparison: let a G OptGeo(/i, j^) and put a' := IPijCt, where 
T: C([0,1],X) ^C([0,1],X') is given by 

^(7)* := vr(7t), V7 G C([0, 1], X), tG[0,l]. 

Since vr : supp(m) — X' is 1-Lipschitz we have |7t| > |y(7)J for a.e. t G [0,1] and any 
7 G AC{[0, l],X), and by construction it also holds {eo)^a' = p' , {ei)^a' = v' . Thus we have 

'|7iPdtd«(7) > ll^j'.l^dtda'ij') > Wi{p',u'). 

On the other hand, the definition of J and Theorems 14.251 and 15.231 we have that 7r-a.e. 7 is 
a geodesic which satisfies d(7o,7i) = d'(7r(7o), 7r(7i)). Hence 

y^'|7i|'dtd7r(7)= I d2(7o,7i)d7r(7)= J d'\^'o,^[) div' {^') = W^{p' 

Thus our claim is proved, that is: tt G OptGeo(/i, z^). Denoting by U7v(-|m) and 'UAr(-|m') the 
Renyi entropy functional on ^(X), ^(X') respectively, by the uniqueness part of Theorem 
15.51 and the CD{0,N) property of (X, d,m) we deduce 

UAr((et)n7r|m) < (1 - t)l[Ar((eo)tt7r|m) + tUAr((ei)j7r|m). (5.37) 
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Putting /ij := (et)j7r', by construction we have 

^^t := {et)i7v = J^ifi', x L'\^^^^^), Vt G [0, 1]. (5.38) 

Again by Theorem l5.5| we have that nt <^ m, say fit = ptm, for any t £ [0, 1]. Then the identity 
(|5.38p yields that fi[ ^ m', say = p[xn, pt{x) = /3j(7r(x)) on b~^([0, 1]) and pt{x) = on 
b^^(R \ [0, 1]), for any t G [0, 1]. Hence for any t G [0, 1] we have 

UN{pt\m) = - [ p]'^ dm = - / p]'^ dm 

Jx Jb-i([o,i]) 

= -/ pl^oJdim'xL'i ) = - [ {p[y'^dm' = UN{p[), 

Jx'x[0,l] ' Jx' 

for any t G [0, 1]. Thus the conclusion follows from (15.370 . □ 



6 "Pythagoras' theorem" holds 
6.1 Preliminary notions 

Let (Xi , d 1 , mi ) and (X2 , d 2 , m2 ) be two metric measure spaces and consider the product space 
{Xi X X2,di X d2,mi X m2) where here and in the following the distance di x d2 is given by 

di X d2((a;i,a;2), (yi,y2)) := Y^df(xi,?/2) +cl|(x2,?/2), Vxi, yi G Xi, X2, ?/2 G -^2- (6.1) 

It is quite natural to ask what are the relations between the Sobolev spaces on Xi,X2 and 
that on Xi x X2- The general answer is not known, but in (7j, [8] the following (surprisingly 
non trivial) result has been proved, which asserts that under the RCD{K, 00) condition it 
holds the same relation valid in the smooth world. 

We shall adopt the following convention: given / : Xi x X2 — s- M and xi G Xi, the map 
/(^i) : X2 — )■ M is given by f^^^\x2) := f{xi,X2), and similarly given X2 G X2, f^^^^ : Xi — )• M 
is given by f^''^\xi) := f{xi,X2). Also, we write \V f\xi,\V f\x2,\^ f\xixX2 to denote the 
minimal weak upper gradient for a Sobolev function defined on Xi , X2 , Xi x X2 respectively. 



Theorem 6.1 Let (Xi,di,mi) and (X2,d2,m2) be two RCD{K, 00) spaces and consider the 
product space {Xi x X2,di x d2,mi x m2). 

Then the product space is RCD{K, 00) as well and in particular it has the Sobolev-to- 
Lipschitz property. Furthermore, the following are equivalent: 

i) f£ W^'\Xi X X2) 

ii) formi-a.e. xi it holds /(^i) G W^^'^{X2), form2-a.e. X2 it holds /(^^^ G W^^'^{Xi) and 
[ [ |V/("i)|^^(x2)dm2(x2)dmi(xi)+ / / |V/("2)|^^(xi) dmi(xi) dm2(x2) < 00. 

Moreover, if these holds the equality 

|V/|i,xX.(^i,^2) = l/(^^)|'(xi)|V/(-^)|^,(x2) + (x2)|V/(-^)|2,^(xi), (6.2) 

is true for mi x m2-a.e. (xi,X2). 
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We shall reformulate the second part of Theorem 16.11 above in the following way, more 
convenient for our purposes: 

Corollary 6.2 With the same notations and assumptions of Theorem \6.1\ the following are 
true. 

i) Let f e Sl^^{Xi X X2). Then formi-a.e. xi it holds /(^i) G Sf^^{X2), form.2-a.e. X2 it 
holds g SfQ^(Xi) and the identity l!^7I\i holds. 

a) Let fi G Sfo^(Xi) and define f : Xi x X2 -i- R by f{xi,X2) := fi{xi). Then f G 
S2,,(Xi X X2) and 

|V/|xixX2(a;i,X2) = |V/i|xi(2;i), mi x m2-a.e. (xi,3;2). 



Hi) Let f2 G S^Q^(X2) and define f : Xi x X2 ^ by f{xi,X2) '■= f2{x2). Then f G 



S2,,(Xi X X2) and 



\^ f\xixX2{xi,X2) = \y f2\x2{x2), mi X m2-a.e. (xi,2;2). 

proof All the properties follow from Theorem 16.11 with a truncation and cut-off argument 
based on the locality propertv 13.61 of minimal weak upper gradients. □ 



6.2 Result 

Let us recall the notations that we shall use from now on 

(X, d,m) is an infinitesimally Hilbertian CD{0,N) space, 

7 : M — 7- supp(m) is a line and b := b^ the corresponding Busemann function, 

(X',d',m') is the quotient space as given by Definitions 15.201 and 15.271 

the maps T, S from X' x R to supp(m) and viceversa are given in Definition 15.251 

in the product space {X' x M, d' x dEuchm' x L^) the distance is defined by 

d' xdT,^4{x',t),{y's))^ ■.= d'{x',y'f + \t-sf, yx',y'eX', t,s€R. 



Aim of this section is to show that T, S are isomorphisms of metric measure spaces, which 
according to Proposition 15.281 reduces to prove that 

d{J{x',t),J{y',s)f = d'{x',y'f + \t- s\'^, Vx',?/'gX', t, s G M. 

We will achieve this result by a duality argument based on Proposition 14.201 

It is a triviality that the standard definition of Sobolev space Ty^'^(M) coincides with 
the one given by the formula (13. lip in the metric measure space (M, dEuch ■^^)) and that for 
/ G VF^'^(]R) its minimal weak upper gradient coincides with the modulus of its distributional 
derivative. To keep consistency of the notation we shall denote this object by |V/|]r. 

Arguing as in the proof of Proposition 16.31 we get the following result. 

Proposition 6.3 With the same notation as in ()6.3p the following holds. 
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i) Let f G Sl^{X) and for x' G X' let /(^') : R ^ R be given by f^'''\t) := /(T(x',t)). 
Then form' -a.e. x' it holds /(^''^ E Sf„^(M) and 

|V/("')|M(t) < \Vf\x{J{x',t)), m' X £i-a.e. G X' x M. 

ii; Let h G Sf^jM) and define f : X ^ R by f{x) :=hoh. Then f G S^^^X) and 

\Vf\x{x) = |V/i|M(b(x)), m-a.e. x £ X. 

proof The same arguments used in the proof of Proposition 15.291 can be apphed also in this 
case recalhng that the following are true: 

- for any i, s G M it holds \t — s\ = min^gb-ij-^)^ y^-^-i(^g-^d{x,y), 

- for any x G supp(m) the map 1 1— t- Fj(x) provides an isometric embedding of M in X, 

- it holds Tj(m' x L^) = m and Sjm = m' x L^. 

We omit the details. □ 

Propositions 15.291 16.31 and Corollary 16.21 are the basis of our proof of the fact that right 
composition with S provides an isometry from W^''^{X' x M) to W^''^{X). In order to clarify 
the argument we introduce the following class of functions: 

g := |c/ : X' xM^M : g{x' ,t) = g{x') for some g £ S^{X') n L'^iX')^ 
:K := : X' xR^R : i) = for some /i G S2(M) n 

Notice that both S and are algebras, i.e. are closed w.r.t. linear combinations and products. 
Using CoroUarv 16.21 and Proposition 15.291 we get 

r geSl^iX'xR), 5oSgS2^,(X) and 
5GS ^ <^ (6.4) 
[ IVs^Ix'xroS = |V(5oS)|x m-a.e.. 

Similarly, CoroUarv 16.21 and Proposition 16.31 give 

r heSl^iX' xR), hoSe Sl^{X) and 
hGli I (6.5) 

[ |V/i|x'xR o S = |V(/i o S)|x m-a.e.. 

Now we introduce the algebra of functions A as: 

A := algebra generated by S U IK. 

Notice that A C Sf^jX' x R). 

The proof of the fact that right composition with S produces an isometry of W^''^{X' x R) 
into W^''^{X) is based on the following 3 facts: 

1) for / G yi it holds / o S G Sf^^iX) and |V/|x'xR oS = |V(/ o S)|x m-a.e. (Proposition 
1631), 



2) An W^'^{X' X R) is dense in W^'^{X' x R) (Proposition E 
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3) the right composition with S produces an homeomorphism of the spaces W^''^{X' x M) 
and W'^''^{X) (Proposition [621) • 

In order to prove point (1) above we shall need the following basic lemma, which asserts that 
two functions 5 € S and h £ !K have 'orthogonal gradients' in W^''^{X' x M) and - after a 
right composition with S - also in W^''^{X). 

Lemma 6.4 (Orthogonality relations) With the same notation as above, let g £ S and 
h £ "K. Then it holds 

(V5,V/i)^,xK = 0, m'x£^-a.e., (6.6) 

and 

{V{goS),V{hoS))x = 0, m-a.e.. (6.7) 

proof Let g G S'^{X') n L°°(X') and h G S'^{R) H L°°(M) be such that g{x',t) = g{x') and 
h{x',t) = h{t). By Corollary 16.21 we know that 

|V(5 + /i)lx'xR(^',i) = |V5lx'(2;') + |V/i||(i), m'x£i-a.e. (x',t). 
Thus taking into account formula (|6.2p we get 

2 (5, Mx'xR = + /i)lx'xiR - iVfi-lx'xR - |V/i|x'xR = 0, m' X £^-a.e., 
which is ()6.6p . 

We pass to ()6.7p . The chain rule (14. 6 p and the trivial identity h o S = h oh yields 

(V(5oS),V(/ioS))^ = /i'ob(V(5oS),Vb)^, m-a.e., 

hence to conclude it is sufficient to show that 

(V(g o S), Vb)^ = 0, m-a.e.. 

This identity is a consequence of the derivation rule (I4.34p applied to / := g o S: in this 
case the left hand side of (j4.34p is identically (acutally, in formula ()4.34p the function / is 
assumed to be in S^(X), while here we only have / G S^q^(X) - the thesis is anyway true as 
shown by a simple truncation argument, we omit the details). □ 

Proposition 6.5 With the same notation as above, for every f £ A it holds / o S G 
Siqj,(X, d,m) with 

|V/|x'xroS = |V(/oS)|x, m-a.e.. 

proof A generic element / of yi can be written as / = Yliizj dihi for some finite set / of 
indexes and functions gi £ hi £ i £ I. 

Pick such / and use the infinitesimal Hilbertianity of X' x M (Theorem 16. ip to get that 
m' X £^-a.e. it holds 

|V/||/xR = Yl 3i9j {^h,Vhj)x,^^+gihj {Vhi,Vgj) x,^^ 

+ higj {Vgi,Vhj)j^,^^ + hihj {Vgi, '^gj)x'xR (6-8) 
= 9i9j V/ij)^,^ig + h,hj {ygi,ygj)x'y^^ ' 



85 



having used the orthogonality relation (|6.6p in the second step. The identities in (j6.4p and 
()6.5p grant 

{Vh,,Vhj)^,^^ o S = (V(/ii o S), V(/ij o S))^ , 
{Vgi, ygj)x'y<R ° S = (V(5'» o S), V(5(j o S))^ , 

m-a.e. for any i,j € /. Thus writing - to shorten the notation - gi, hi in place of gi oS, hi oS 
respectively, from ()6.8p we have 

Using the orthogonality relation (j6.7p and the fact that X is infinitesimally Hilbertian we can 
do the same computations done in (I6.8p in reverse order to get 

|V/lx'xR ° S = X] {^hi,yhj) ^ + cjihj {Vhi,Vgj)^ 

+ higj{Vgi,Vhj)^ + hihj{Vgi,\/gj)j^ = |V(/oS)|^, 
tn-a.e., which is the thesis. □ 



Proposition 6.6 With the same notation as above, the set A n W^''^{X' x M) is dense in 
VF^'2(X' X M). 

proof With a diagonalization argument it is sufficient to prove that for / G W^''^{X' x M) 
bounded with compact support there exists a sequence (/„) C ^1 Pi W^''^{X' x M) converging 
to / in W^''^{X' X M). Fix such / and for n G N and i G Z define 



gi,nix') := n 



{j+l)/n 



i/n 



f{x',s)ds, 



and 

where Xn ■ 



hi,n{t) ■■= Xn{t - i/n), 



is given by 



Xn{t) :-- 



{ 0, 

nt+ 1, 
1 — nt, 
I 0, 



lit < -1/n, 
if -l/n<t < 0, 
if < t < 1/n, 
if 1/n < t. 



Then define fn-X'x 



by 



fn{x',t) := y^^hi^n{t)gi,nix'). 



(6.9) 



We claim that /„ G ^1 n W^'^{X' x M). Indeed, given that the support of / is compact only a 
finite number of terms in the the right hand side of (|6.9p is different from 0. By construction 
it is also obvious that and gi^n are both bounded with compact support and that hi^n 
is Lipschitz. By Theorem 16.11 we know that /^*) G S^(X') for a.e. t thus by the convexity 
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and L^-lower semicontinuity of the PF^'^-norm (by the lower semicontinuity of minimal weak 
upper gradients) we get c/i.„ G S^{X') with 



/ \Vgi,n\x'dm' <n / |V/W||,dtdm'. 

JX' JX' Ji/n 



/r. 

Thus fn^An W'^''^{X' X M), as claimed. 

Now we claim that fn^f'^^ L^(X' x R) as n — )• oo. Integrating the inequality 



.10) 



{i+l)/n 



i/n 



on x' and t we obtain ||/n||L2(X'xR) < II/IIl2(x'xR), Vn G N. 
Hence L^-convergence will follow if we show that 



lim / (ffn dm' d£ ^ = / ipf dm' d£ ^ , 

n^ooj J 



(6.11) 



for any (p : X' x 



Lipschitz with compact support. To check this start observing that 



ip{x',t)fn{x', t) =^ f{x', t)hi^n{t)gi,n{x') = ^ (p{x' ,t)hi^n{t) / f{x', s) ds 



n^hi^n{t) / (f{x',s)f{x',s)ds + Remn{x',t), 



(6.12) 



where the reminder term Rem„(x',t) is bounded by 



Rem„(x', t) 



^K,i{t) {y^{x',t) -ip{x',s))f{x',s)ds 
< nUp{ip)^hn,i{t) / \t - s\\f\{x',s)ds 



(6.13) 



<Lip(v9) J^Vi(t) " |/|(x',s)ds 
Now integrate ()6.12p and use the identity 

-^^n,j(i) / ip{x',s)f{x',s)dsdtdm'{x') 



X'xl 



(p{x' , s)f{x', s) ds dm'(x) 



X'xl 



to get 



ip{x', s)fn{x', s) ds dm'(x) 



X'xi 



(p{x', s)f{x', s) ds dm'(x) 



X'xl 



+ / Rem„(x',t)dtdm'(x' 

Jx'xR 
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From (j6.13p we obtain 

/ Remn{x',t)dtdm'{x') 

Jx'xR 

hence ()6.1ip follows. 

Taking into account the L^-lower semicontinuity of the Vl^^'^-norm again and the uniform 
convexity of W^''^{X' x M) (consequence of the infinitesimal Hilbertianity stated in Theorem 
16. ip . to conclude it is sufficient to show that 

/|V/„|^,xRd£Mm'<y|V/|^,^iRd£Mm', Vn e N. (6.14) 

Notice that for L^-a.e. t £ [i/n, {i + l)/n] the function fn^ : X' — )• M is m'-a.e. well defined 
and given by the expression 

fn^ = (1 + i - nt)gi^ri + (nt - i)gi+i,n, (6.15) 

therefore by Theorem 16.11 we know that fn^ S W^''^{X') for £^-a.e. t, and therefore from 
(|6.15p we get the bound 

|V/W|^, < ((1 + i _ nt)\Vgi,n\x' + {nt - i)\Vgi+i,n\x')^ 
< + nt)\Vgi^n\x' + " i)N9i+i,n\x'^ 
which, together with (j6.10p . gives 

/ |V/»|2,,(x')d(m' X L'){x',t) <-J2 [ |V5^,n|i'(x')dm'(xO 

/ |V/W|^,(x')dtdm'(x') (6.16) 

= / |V/W|l,,(x')d(m'x£i)(x',t). 

JX'xR 

Similarly, for m'-a.e. x' € X' the function f-jf ^ : M — )• M is £-^-a.e. well defined and given by 
/^^')(t) = (1 + i - nt)gi,n{x') + {nt - i)gi+i,n{x'), £^-a.e. t G [i/n, {i + l)/n]. (6.17) 



< / \Remn{x',t)\dtdm'{x') < 

Jx'xR 



2Lip(V?)||/||li(X'xI 
n 
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Arguing as before we get that fi^ ■* G VF^'^(M) for m'-a.e. x', so that (|6.17p gives 
|V/(-)||(t)di= / n2(5,+i,„(x')-<7.,n(x')) dt 

i/n Ji/n 

{i+2)/n r{i+i)/n 



/ fix',t)dt- f{x',t)dt 

,J{i+l)/n Ji/n i 

\ 2 



(/■(i+l)/n 
/ /(^')(t + l/n) -/(^')(t)dt 

J ijn 

'(i+l)/n />i+l/n 



<nM / / |V/(^')|M(s)dsdt 

\j i/n J t J 

r{i+l)/n rt+l/n 

<n / |V/(^')|i(5)dsdt, 



which after integration yields 



|V/(-')||(t)dtdm'(x')< / |V/(-')|2(t)dtdm'(x'). 

This inequality, (I6.16P and Theorem (I6.ip give (I6.14j) and thus the conclusion. □ 

Proposition 6.7 With the same notation as above, it holds f G W^''^{X' x M) if and only if 
/ o S G W^''^{X) and in this case it holds 



L^iX'xR)- (6.18) 



1 

proof Direct consequence of Lemma [4.191 the identity Tjj(tn' x = m, inequalities (|5.32p 
and the fact that if a distance is scaled by a factor A, the corresponding gradient part of the 
Sobolev norm is scaled by j, which is a direct consequence of the definitions. □ 

The main theorem of this chapter now follows easily. 

Theorem 6.8 ("Pythagoras' theorem" holds) With the same notation and assumptions 
as in (|6.3p . the maps T, S are isomorphisms of metric measure spaces. 

proof We know by Theorems 14.101 and 16.11 that both X and X' x M have the Sobolev-to- 
Lipschitz property and thus to conclude we can apply Proposition 14.201 We also already 
know that T, S are measure preserving. To conclude it is therefore sufficient to prove that 
/ e W^'^{X' X M) if and only if / o S G W^^'^{X) and in this case it holds 

ll|V(/ o S)|x||l2(^) = |||V/|x'xr||l2(x'xR)- (6.19) 

Pick / G M^^'^(X' xM) and notice that by Proposition l6.6l we know that there exists a sequence 
ifn) C AriW^'^{X' X M) converging to / in W^''^{X' x M) and the second inequality in (I6.18P 
yields that /„ o S, / o S G W^''^{X) with (/„ o S) converging to / o S in W^''^{X). 
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Proposition 16.51 tells that 



|V/„|x'xi8oS = |V(/„oS)|x, m-a.e., 

hence squaring, integrating and passing to the limit as n — )■ oo we get (|6.19p . Viceversa, if / : 
X' X M is such that /oS € W'^^'^{X), the first inequality in ([6l^ grants that / G W^''^{X' x R) 
and the above argument can be repeated. □ 



7 The quotient space has dimension — 1 
7.1 Preliminary notions 

We recall the following basic result about Hausdorff dimension on CD{0,N) spaces: 

Proposition 7.1 Let (X, d,m) be a CD{0,N) space. Then the Hausdorff dimension of 
(supp(m),d) is bounded above by N. 

More generally, the same conclusion holds on CD{K, N) spaces, the proof being based on the 
Bishop-Gromov volume estimate, see [65] for a proof. 

We shall also make use of the following simple result about the behavior of geodesies in 
product spaces: 

Proposition 7.2 Let (Xi,di) and (X2,d2) be two complete and separable metric spaces, 
G ^2(^1) o,nd TTj G OptGeo(/Uj, z/j), i = 1,2. 
Defined -Cil^MXi) x C([0, 1], X2) ^ C([0, 1], x X2) by 

'3{ll,l2)t ■■= (7l,t>72,t), 

and the plan tti (g) 7r2 G ^(C([0, l],Xi x X2)) as 'S^i'^i x 772). 

Then tti ® 772 G OptGeo(/Ui x ^2,1^1 x ^^2), where Xi x X2 is endowed of the product 
distance di x d2 defined as in formula (j6.ip . 

proof It is clear that (eo)j(7ri (g) 7V2) = //i x ^2 and (ei)j(7ri (g) 772) = z^i x z^2 and that 
the map 3 sends Geo(Xi) x Geo(X2) into Geo(Xi x X2). Now let (^1,(^2 be Kantorovich 
potentials relative to (/ii,z^i) and {^2,1^2) respectively and define : Xi x X2 — t- M U {—00} 
by ip{xi,X2) ■= ^lixi) + ip2{x2)- It is immediate to verify that d^ip = d^cpl x d^ip2 (after the 
appropriate permutation of coordinates) and therefore (eo,ei)j(7ri (g 7r2) is concentrated on 
d'^if, which is sufficient to conclude. □ 

The proof of the dimension reduction is based on the following very simple statement. 
Notice that the proposition below is actually a particular case of a more general statement 
used in |18] (see also [17j ) that has been used to grant a sort of dimension reduction in the 
setting of reduced curvature-dimension bounds. 

Proposition 7.3 Let N > 2, t £ [0,1], and a, 6, c > be three given non-negative numbers. 
Assume that for every a, /3 £ Q, a, 13 > it holds 

Then: 

g-jvrrr > (1 _ t)a"Jv^ + tb^^^. 
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proof If a or 6 are the thesis is obvious. Also, the terms in (j7.ip are continuous in a, f3 

positive. Thus if (jT.ip holds for positive rationals, it also holds for positive reals. Conclude 

1 1 

picking a := a ^-i and (3 := b . □ 
7.2 Result 

Theorem 7.4 (The quotient space has dimension — 1) With the same notation and 
assumptions as in (|6.c{p the following holds. 

i) If N > 2, then (X',d',m') is an infinitesimally Hilbertian CD{Q,N — 1) space. 

a) If N £ [1,2), then X' contains exactly one point, 
proof 

(i) We already know that {X' ,d' ,m') is an infinitesimally Hilbertian CD(0,N) space and a 
simple approximation argument ensures that to conclude it is sufficient to check the CD{0, N— 
1) condition for given //0)/^i G ^2{X') with bounded support and absolutely continuous 
w.r.t. m', say fii = pixn' , i = 0,1. By Theorem 15.51 we know that there exists a unique 
TT G OptGeo(/xo, /Ui), and by Corollarv 15.61 that the measures fit ■= (et){j7r are absolutely 
continuous w.r.t. m', say fit = ptvn' , for every t G [0, 1]. 

Let a, /5 > be arbitrary, put vq := "t-^^l^Q^y ■~ ^"^^l^o/?] ^^^^ ^o,i^i S ^20^), 
let t ^ ut = t)a+t(3] unique geodesic connecting uq to ui and vr the 

unique element of OptGeo(i^05 ^i)- 

By Proposition 17.21 the plan tt ® tt belongs to OptGeo(//o x ^^O; x ^^i) and by definition 
satisfies (et)[((7r (g) tt') = ^u^ x vt and thus 

djetMn n') ptj^t) , . . , 

d(m'x£i) (i_t)a + t/3' x tt a.e. ^7,7;. ^-^J 

By assumption we know that (X, d,m) is an infinitesimally Hilbertian CD{0,N) space and 
by Theorem 16.81 that it is isomorphic to {X' x M, d' x dEuchi^' x Thus the latter is an 
infinitesimally Hilbertian CD{0,N) space and Theorem 15.51 and its proof grant that tt (8) tt 
is concentrated on a set of non-branching geodesies. Thus by (j7.2p and standard means in 
optimal transport theory (we omit the details), by the CD{0,N) property we get 

^ > (1 - t) f ^1 + t f 4^ V" , vr-a.e. 7. 



{l-t)a + t(3j ~ ' ' \ a J V /5 

Given that a, (3 were arbitrary positive numbers, we further obtain that 



>(l-t) ^ +t ^ \ Va,/3GQ, a,/3>0 



(l-i)a + t/3y " y \ P 

holds for TT-a.e. 7. By Proposition 17.31 we deduce 

Pthty^ > (1 - i)Po(7o)"^ +tpi{li)~^, TT-a.e. 7, 

which integrated w.r.t. tt yields UN-i{pt) < (1 — t)U]\f-i{f-io) + t'UAr_i(^i), as desired, 
(ii) It is clear that X' is non empty. Assume by contradiction that it contains more than 
one point. Then, since (A'',d') is geodesic - Proposition 15.2X1 - it contains an isometric copy 
/ C A' of some non-trivial interval in M. Given that A' x M D / x M, the Hausdorff dimension 
of A' X M is at least 2. This contradicts Proposition 17.11 and the fact (Theorem 16. 8p that 
(A' X M, d' X dEuci) is isometric to (supp(m), d). □ 
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A Infinitesimal Hilbertianity and behavior of gradient flows 



In this section we collect some comments about the relations between the infinitesimal nature 
of a Finsler/Riemannian manifold and the behavior of gradient flows of K-convex functionals 
defined on them, the discussion being taken from the paper [56] by Ohta-Sturm and author's 
works on gradient flows in collaboration with Ambrosio and Savare (in particular [3] and [7])- 
What we want to show is the direct relation between the Riemannian nature of a manifold 
and the K-KVl (=Evolution Variational Inequality) formulation of gradient flows, which is at 
the basis of the relation between the inflnitesimal Hilbertianity of a CD{K, oo) space and the 
existence of X-EVI gradient flows for the relative entropy. The establishment of such relation 
is the key result of 0, and the discussion we make here can be used by the interested reader 
as a guideline for understanding the key point of such paper. 

It is a well known fact of Riemannian geometry that a function is X-convex if and only 
if its gradient flow /C-exponentially decreases the distance. We now check how this works in 
a Finsler context. Let {F, \\ ■ \\x) be a Finsler manifold, i.e. a differentiable manifold 
endowed with a norm || • \\x on each tangent space and such that in coordinates the squared 
norms have dependence on the base point. 

Let Duala: iT^F ^T*F be given by 

II 1 1 2 II 1 1 2 

Dne.Uvi){v2) := lim + ^^^lU - ^ ^^^^^^ ^ ^^^^ 

||.||2 _, 

i.e. let Dualx be the differential of Its inverse Dual^, : T*F ^ T^F is then given by 

Dual-n-i)(^2) := hm iW^^ + ^-^^Wl? - y^^^^^ ^ ^^F, 

e^O le 

where || • ||* is the dual norm of || • The fact that || • H^; is smooth and strictly convex 
ensures that both Dual^,. and Dual~^ are well defined single valued maps. It is crucial for the 
foregoing discussion to remark that Dual^,. is linear if and only if the norm || • comes from 
a scalar product. This can be checked by direct computations. 

Given a function / : F — )• M, its differential Df is the cotangent vector field defined 

by 

Df[x)(y) := lirn ^^'^^'^ ^ /(7o) ^ ^ such that 70 = x and 79 = 

and the gradient V/ is the tangent vector field given by 

V/(x) :=Dual-n^/(x)). 
Noticing that for every x £ F and any v £ T^F we have the inequality 

Df{x){v) <^{\\Dfix)\\:f + ^\\v\\l (A.l) 

one sees that the gradient V/ at the point x can be equivalently characterized as the only 
vector V for which equality holds in (jA.ip . so that indeed the gradient indicates the direction 
of maximal increase of /. 
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Let d be the distance on F induced by the Finsler structure and / : F — )• R a function. 
Then / is X-convex provided it holds 

f{lt) < (1 -t)/(7o) + i/(7i) - -t)d2(7o,7i), V7 geodesic, t G [0,1]. (A.2) 

Comparing the derivatives of 1 1— )• /(7t) at t = and t = 1, we see that ()A.2p is equivalent to 

Df{y){'j'i) — I?/(x)(7q) > Kd^{x,y), Vx,y G F, 7 geodesic from x to y . (A. 3) 

Now define : -F — )• M as 'Nxi.y) '■= ^^^(2;, y) and recall (see e.g. Chapter 6 in [11]) that under 
general assumptions in a neighborhood of x the function J^x is and that its differential is 
given by the formula 

Z?N,(y) =Dual^(7l), (A.4) 

where 7 : [0, 1] — t- F is the unique (minimal) geodesic connecting x to y. 

Now let (xt) and (yt) be gradient flow trajectories of /, i.e. assume they solve x[ = — V/(xf) 
and y'-i- = —Vf{yt) and starting respectively from x and y. Assume that x, y are close enough so 
that formula ()A.4p holds, let 7 be the unique geodesic from x to y and compute the derivative 
of the squared distance between the flows: 

= -DJ<x{y){yo) - DJ<y{x){x'^) 

= -Dual,(7l)(?/^)) + DuaU(7[,)(x'o) (A-5) 

= Dual^(7l)(V/(y)) - Dual,(7(,)(V/(x)) 

= Dualj,(7l)(Dual^i(I)/(y))) - Dual,,(7^)(Dual^i(Z)/(x))). 

Comparing the last term in this expression with the left-hand side of (1A.3P amounts to 
compare uj{v) and Dualz(?;)(Dual~"^(w)) for arbitrary z € F, v ^ T^F, uj G T*F. These two 
are different in general, because the former is bilinear in v^u, while, as said, the duality map 
Dual^ is linear if and only if the norm || • comes from a scalar product. If the norm is 
Hilbertian, then indeed the two are the same, so that we have 

uj{v) = T)u&\z{v){T)VL3l';^{uj)), yv eT^F, CO eT*F <^ II • II ^ is Hilbertian. 

Using this fact it is now possible to see that the last term in (]A.5P is bounded above by the 
left-hand side of (IA.3P for any / and x, y close enough if and only the manifold is Riemannian 
(in which case the two actually coincide) and in this case we obtain 

^^k'^\^t,yt\^o ^ -^^2(70, 71), 

which leads, after an application of Gronwall's lemma, to the desired contraction estimate 
d{xt,yt) < e-^*d(x,y). 

Following these lines of thought, in |56j it has been shown that if || • || does not come 
from a scalar product, then there exists a convex and smooth function whose gradient flow 
does not contract distances. It [56] has been also shown that the heat flow on (M*^, || • ||,'C'^) 
contracts the W2-distance if and only if || • || comes from the scalar product, in accordance 
with the above discussion and the following facts: 
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- The heat flow is the gradient flow of the relative entropy functional on {j^2{'^ ), W2) 

- For any norm on W^, the relative entropy functional is geodesically convex on 
(^2(1^'^): 1^2); where W2 is the quadratic transportation distance built over the dis- 
tance induced by the given norm 

- The space {^2{^'^),W2) inherits several geometric properties of the underlying space 
(M*^, II • II), so that - heuristically said - if || • || comes from a scalar product then 
{^2{'^'^)-,W2) looks like an infinite dimensional Riemannian manifold, while if || • || is a 
generic norm then ( =5^2(1^'^)) ^2) looks like an infinite dimensional Finslerian manifold. 

There is another way to look at the problem which arises when looking for ii'-contractivity 
of the gradient flow of a i^-convex function on a Finsler setting: rather then studying the 
distance between two gradient flow trajectories, we study the distance between a gradient 
flow trajectory (xt) and a flxed point y. Assuming points are close enough so that we can use 
formula ()A.4p and with the same computations as above we have 

^d2(:Ei,y) = Dual.,(7l,o)(V/(xt)), 

where the curve s 1— )■ ^t,s is the geodesic connecting xt to y and the derivation 7^ q in the 
formula is taken in the s variable. Computing the derivative of / along s 1— )• ^t,s we have 

^/(7m)U=o = ^/(^*)Ko)- 

Recalling formula (|A.4p we have DJ^y{xt) = — Dual2,.((7^ g) and thus also VJ^y{xt) = —Itoi 
hence the above identities can be written as 

^6\xuy) = -DJ<y[Vf){xt)^ 

(A.6) 

^/(7M)|,=o = -^/(^^^)(^t)- 

As before, the right-hand sides of these equalities coincide if and only if we can 'swap differ- 
entials with gradients', which we can do for every smooth /, every y and every initial point 
xq if and only if the norm comes from a scalar product. In this case we get 

If / is ii'-convex, the right-hand side can be estimated from above by /(y) — f{xt) — Yd^(xf , y) 
and for the gradient flow trajectory [xt) we deduce 

^^d\xuy) + f{xt) + y d2(xt, y) < f{y), Vy G t > 0. 

This inequality is the so called A'-EVI formulation of gradient flows introduced in [3], whose 
basic properties are: 

i) It can be formulated on general metric spaces. 
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ii) It has very general stability properties both w.r.t. convergence of the initial datum and 
w.r.t. F-convergence of functional (see [1] and [7]) 

iii) The distance between two gradient flow trajectories satisfying the A'-EVI decreasaes 
A-exponentially, as shown by: 

d 1 ,2/ N d 1 2/ X d 1 2/ N 

K K 

< fiVto) - fi^to) - yd2(xto,ytJ + /(xjj - /(ytj - —d^{xto,yto) 

(written this way, the computation is not rigorous in the metric setting, but the result 
can be justified in full generality, see Chapter 4 of [4]) 

iv) The existence of gradient flow trajectories in the K-FjV1 sense encodes both the infor- 
mation about A-convexity of the functional (see [23] ) and the fact that the local nature 
of the space resembles that of an Hilbert space (there is no known way to make this 
statement rigorous in general, but at least point (iii) above grants the A-contractivity). 

Having in mind Remark 15. 171 we can informally infer that if {X, d, m) is infinitesimally Hilber- 
tian, then the space of probability measures with bounded densities endowed with the distance 
W2 behaves at the first order like a Riemannian manifold. Thus if we are considering a gra- 
dient flow on ^2{X) for which the weak maximum principle holds (which is the case for the 
heat flow) and we start with an initial datum fiQ such that fiQ < Cm for some C > 0, the 
evolution will take place on the set of measures with bounded densities, and thus following the 
above computations we might expect infinitesimal Hilbertianity to be linked to the existence 
of gradient flows in the K-FiVl sense. 

This is precisely the heuristic idea behind the definition of RCD{K, 00) spaces given in [7]: 
as shown by the proof of the main theorem there, the implication 'infinitesimal Hilbertianity 
and CD{K, 00) yields existence of K-EYl gradient flows of the relative entropy' is based 
precisely on computing the derivative of the squared distance between a flow and a fixed 
measure and the derivative of the entropy along geodesies, like in formula (lA.Gh . and then on 
using infinitesimal Hilbertianity to 'swap differentials and gradients'. 



B Infinitesimal Hilbertianity and behavior of the distance 

A different way of looking at infinitesimal Hilbertianity is to look at the property of the 
differential of the squared distance only, without referring to any further functional defined 
on space. 

Let {F, II • 1 1 2;) be a Finsler manifold, x £ F, 3 x he so small that : $7^ — t- M is smooth 
and {xt), {yt) two geodesies emanating from x. Then by formula ()A.4p above we see that 

~d^{xt,yi)\^^^ = -Dual^(3;'o)(y[)) and ~<^^{xi,yt\^^^ = -DuaU(y())(xo). 
Arguing as before we obtain that 

T)na\.x{v){w) = T)\islx{w){v), yv,w G T^F \\ ■ \\x comes from a scalar product. 
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indeed <^ is obvious, and for =^ notice that the map v i— )• Y)\ia\.x{w){v) is Hnear for any 
w G TxF, while v i— )• T)xialx{y){w) is Hnear for any w S T^F if and only if Dual^ is linear. 
Therefore we see that the norm || • comes from a scalar product if and only if the equality 

^^d2(x,,yi)|^^^ = Ald2(xi,yO|,=o (B.l) 

holds for any couple of geodesies (xj), {ytj as above. In other words, a Finsler manifold is 
Riemannian if and only if the squared distance satisfies (jB.ip for all sufficiently short geodesies 
emanating from the same point. Observe that this provides a link between the infinitesimal 
information 'the norm on the tangent space comes from a scalar product' and the behavior 
of the squared distance between close points, which is a local information. 

It is then natural to ask whether on an infinitesimally Hilbertian space a property like 
(|RT]) holds or not. The answer is positive, provided we reformulate (|B.ip via a lift to the space 
of measures with bounded densities, as we did in Chapter [5] (see in particular Remark 15. 17p . 
Indeed, let (X, d,m) be an infinitesimally Hilbertian space and (//j), (z/t) two geodesies with 
time-continuous densities and such that supp(/i4), supp(ft) have uniformly bounded support 
(as in Proposition I5.16|) and starting from the same measure /u. Then we know that the 
functions 1 1— iVF|(/X(, ui) and 1 1— iW2^(//i, vt) are and that it holds 

where (p^ tp are two Lipschitz Kantorovich potentials inducing {fJ,t), (t't) respectively. 

In this direction, it is interesting to remark that identity (jB.ip has a sort of self improving 
property, given that if it holds the manifold is Riemannian and therefore the joint limit 

i,™ 2ts ' 

exists, it being the scalar product (x'^jy^). Whenever one is working on a metric space where 
the limit L in ()B.2p exists (for instance: Alexandrov spaces) it is customary to use it to define 
the angle between the geodesies as 6{{xt), (yt)) '■= cos~-'^(L/(|xo||yol))- Notice that at least in 
the smooth case, ()B.1|) is a particular case of the existence of the limit in (IB.2|) . because the 
former is equivalent to the fact that in ()B.2p we can take first the limit as f J, and then the 
limit as s 4 and obtain the same result we would get by taking limits in reverse order. 

Given that in the smooth world (jB.ip directly implies that the limit in ()B.2p exists, it is 
natural to ask whether the same is true in the non-smooth one. We don't know if anything 
like this holds. A potential 'averaged' version of (IB.2P could be 



t,sio 2ts 

the point being that one would like this joint limit to exists for appropriate geodesies with 
time-continuous densities (/^t); (j^t) starting from the same measure fi. Currently, this is known 
to be true only on finite dimensional Alexandrov spaces ( [33] ) and in this case there is no need 
for any requirement about the absolute continuity of the /Xf's and f^'s. However, the proof 
makes heavy use of the lower bound on the sectional curvature and cannot be generalized to 
infinitesimally Hilbertian spaces with a lowed bound on the Ricci curvature. 
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The only related result we are aware of about non-smooth spaces with a lower bound on 
the Ricci is in the recent paper |41j by Honda, where he proved a weakened m-a.e. version 
of ()B.2p on spaces which are limits of Riemannian manifolds with Ricci curvature uniformly 
bounded from below. Specifically, he proved that on a such space (X, d,m), for m-a.e. x the 
following holds: for any two unit speed geodesies (xt), (yt) emanating from x there exists the 
limit of 

lun'J^^^^. (B.3) 

Unfortunately, this seems a bit weaker than ()B.2p . becasue the limit in (1B.3|) exists even on 
normed spaces. In this sense ()B.3P does not encode the information about the local Rieman- 
nian structure of the space (it is unclear to me if the arguments in [4Tj can also be used to 
get existence of angles as in ()B.2p ) . 

C Eulerian and Lagrangian points of view on lower Ricci cur- 
vature bounds 

Here we collect some comments about the links between the Bochner inequality and the 
synthetic treatment of lower Ricci curvature bounds, the discussion being inspired by Chapter 
14 of |67j and by some conversations I had with Sturm. Recall that the reduced curvature 
dimension condition CD*{K,N) introduced in ^ is defined as 

Definition C.l (Reduced curvature dimension condition) Let {X,d,xn) be a metric 
measure space, K G U. and N £ [l,oo). (X,d,m) is said to be a CD*{K, N) space provided 
for any /Uo,/^i G ^2{X) with supp(/Uo), supp(^i) C supp(m) there exists tt G OptGeo(^O) ^i) 
such that 

UN'i{et)i7v) <- j (TS^^]v*'(d(7o,7i))p~^(7o) + f^27V'(d(7o,7i))??"^(7i)d7r(7), (C.l) 

holds for every t £ [0, 1] and every N' > N, where fi = pm + fi'^ , v = rym + with /i'*, i/* _L m. 
Here the distortion coefficients o"^''^ are given by 



f +00, ifXe^ > Ntt^, 

t ifK9'^ = 0, 

siah{te^~K/N) 
, siI^\^(e^J-K/N) 



if KO'^ < 0. 



In the case N = oo the definition is the same as the one of CD{K, oo) spaces (Definition 



As explained in [9], the relations between the CD*{K,N) condition - which is stable w.r.t. 
mCH-convergence - and the standard CD{K, N) one are the following: 

i) A space satisfies CD*{K, N) locally if and only if it satisfies CD{K, N) locally (at least 
in the non-branching case). 

ii) For the CD*{K,N) condition it is possible to prove the local-to-global property (again, 
at least in the non-branching case). The same is not known for the CD{K, N) condition. 
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iii) With the current knowledge, the CD*{K,N) condition produces the same kind of in- 
equahties given by the CD{K, N) one (hke Bishop-Gromov, Bonnet-Myers ecc.) but 
with shghtly suboptimal constants. 

Thus apart from the issue mentioned in point {iii), one could use the CD*{K, N) condition as 
substitute for the standard CD{K, N) one. By point (i) the problem of showing that actually 
CD*{K, N) yields sharp estimates is equivalent to show that the local to global property holds 
for the CD{K, N) condition. This crucial problem is currently open, but recently Cavalletti 
in [17] made important progresses in this direction. 

As pointed out to me by Sturm, given the above it is not surprising that the Bochner 
inequality is linked to the CD*{K,N) condition - as we shall soon see - rather than to the 
CD(K, N) one: in both cases Ricci curvature 'acts in every direction', while the CD(K, N) 
condition encodes the fact that 'it does not act in the direction of motion' (see e.g. the 
introduction of [65] and Chapter 14 of [67]). 

We shall perform some formal computation on a smooth Finsler manifold {F, \\ ■ \\x,xn). 
Denote by d the distance induced by the family of norms {|| • HxjxeF ^^'i recall that under 
general assumptions, for any /iOiA*i £ ^2{F) with /io = Povx there exists a unique geodesic 
(lit) from yLto to /ii and also a unique lifting tt G ^{C{[0,1], F)) of (/x^). By the Brenier- 
McCann theorem on Finlser setting (the metric Brenier theorem 15.31 is sufficient) we know 
that for any smooth Kantorovich potential ip inducing (fit) we have d(7o,7i) = ||V(/3(7o)||'yo 
for every 7 G supp(7r). 

Noticing that the distortion coefficients cr^x n(^) satisfy the differential equation 

taking two derivatives of t 1— )• Hat (/.if) and with a comparison argument we see that (jC.ip 
holds if and only if 

dttUN{fit)\,^, >§l pl^WV^fdYol, (C.2) 

holds for every geodesic (^f) as before. 

Now pick (p € C^{F) and observe that with arguments similar to those presented in The- 
orem 13.5 in [67] and Lemma 1.34 in [2] valid in a Riemannian context, for e > sufficiently 
small the function ^ := e(f is ^-concave. Let p he a smooth probability density and notice 

that the ^-concavity of ip ensures that the curve [0, 1] 9 t 1— )• exp{—tV tp)^{pm) = ptxn is a 
geodesic. The evolution of (pt) is driven by 



dtPt + V • (ptV^t) = 0, (C.3) 



where [0, 1] 3 t ^ ipt solves 



8A + i^=0, (C.4) 

with := —ip (see for instance Chapter 2 of [2] or Chapter 7 of [67]). 
Using ()C.3p . ()C.4p one easily gets, by explicit computation, that 

dttUM = [ P2,N{pt)i^iJtf - P7v(pt)^(A^i)(VVt) - PN{pt)dtAiljt dvol, (C.5) 
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where PAr,P2,Ar : [0, oo ) [0, oo) are given by Pn{z) := zu'j^{z) - un{z), P2,n{z) ■= zp'j^{z) - 
Pn{z). Hence if (1021) holds we must have 



j P \ -W AT dvol>-y pi-i^llV^f dvol. (C.6) 

Using now the fact that p is non negative and chosen independently on ip = eip, from (IC.6P 
we deduce ^ 

- aiAv9i|^^^ > + D{A^){V^) + K\\V^\\\ (C.7) 

where {(pt) evolves according to ()C.4p with initial condition yjQ := —'■P- Similarly for N = oo. 
This formal argument shows that if the Finsler manifold is a CD*{K,N) space, then the 
Bochner inequality written as in (]C.7p holds for any smooth p. The converse implication can 
also be achieved by integration and recalling the local-to-global properties of the CD*{K, N) 
condition. The argument as presented is only formal because we didn't pay attention to the 
smoothness of the object involved in computations, but at least on a Riemannian framework 
it is easy to check that there is indeed sufficient regularity. 

Notice that inequality (jCTh is different from the one rigorously proven in a Finser setting 
in [55]: in this reference at the left-hand side there is the term ^ where A^'*° is an 

appropriate linearization of the Laplacian A along the direction V</?. Notice also that the 
Finsler manifold is Riemannian if and only if the Laplacian A is a linear operator: in this case 
(|C.7p assumes the more familiar form 

Now observe that inequality (jC.ip is an inequality concerning the distribution of masses 
at different times along a M^2-geodesic. As such, we can think at it as a Lagrangian point of 
view on Ricci bounds. Opposed to this, there should be a Eulerian point of view which gives 
the same information read at the level of velocity vector fields. This is exactly the point of 
view adopted in the 'proof of Bochner inequality just provided: as we learned from Otto's 
interpretation of the space (^2(-^)) ^2) as infinite dimensional manifold, for any if S C^{F) 
and any /j, G I^2{F), the vector field — V99 can be seen as the initial velocity of a Wasserstein 
geodesic starting from /i (this is made rigorous by (|C.3p and ()C.4p ). From this perspective, 
Bochner inequality should be regarded as an inequality for gradients of functions, rather than 
for functions themselves. 

It seems hard to use these ideas to prove the validity of the Bochner inequality in a 
non-smooth setting, a problem being justifying the second differentiation in ()C.5p . Beside 
this, there is another subtle issue that we want to emphasize. At least in the Riemannian 
case, all the objects appearing in Bochner inequality are quadratic forms, and writing it in 
an infinitesimally Hilbertian CD{K, N) space we certainly want to keep this property. Now, 
quadratic forms are defined on vector spaces, but the procedure outlined here makes use of 
Kantorovich potentials and c-concavity is an highly non-linear property. Thus, in a sense, even 
if one is able to get the Bochner inequality for Kantorovich potentials he would still need to 
prove that there is a 'large' vector space of functions whose multiples are c-concave in order 
to be sure that the derived Bochner inequality is made of quadratic forms. In the smooth case 
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this is easy, because as we mentioned C^{M) does the job, but in the non-smooth one this 
seems an issue. We do not really know whether such vector space exists. Perhaps, if one wants 
to build it, a possibility could be to try with a regularization via the heat flow. This raises the 
following question concerning regularization of the heat flow in terms of c-concavity, which 
we believe of independent interest: 

Is it true that there are constants CK,N{t) such that the following holds? 

Given an infinitesimally Hilbertian CD(K, N) space (X,d,m) and pm G ^2{X) 

with p < 1 the function ht{p) is Ci^^Ar(t) ^-concave. 

The problem is open also if 'infinitesimally Hilbertian CD(K, N) space' is replaced by 'smooth 
Riemannian manifold with Ric > K and dim < A^'. In this direction, recall that in a smooth 
world the formula ft^e ■= £log(pet + 1) brings solutions of the heat equation ^pt = Apt into 
solutions of the viscous approximation of the Hamilton-Jacobi equation: 

^ft,e = \yft,e\^+eAft,s. (C.8) 

at 

Notice that the map [0, 1] B z ^ elog{z + 1) has derivative bounded from above and below 
by positive constants, therefore if pst is C ^-concave then ft^e is ciC ^-concave and viceversa 
if ft^e is C^-concave then p^f is C2C^-concave, for some ci,C2 > 0. Thus in the smooth case 
the above problem can also be formulated at the level of solutions of (jC.SP rather than for 
the heat flow. 

Now observe that as e \, 0, the functions ft^e converge to the unique viscous solution 
t '"^ ft,o of the Hamilton-Jacobi equation, and we know from the Hopf-Lax formula that 
in such limiting case ftfi is indeed —^-concave independently on any curvature-dimension 
bound. By the Oleinik principle we know that on the Euclidean space M*^, also solutions of 
the viscous approximation (IC.Sp are —^-concave. Therefore in the smooth case the question 
can be reformulated as: 

is it true that for a given e > an Oleinik-type principle holds for ()C.8P uniformly 
under a curvature-dimension bound? 

We conclude recalling that the only non-smooth situation where Bochner inequality has 
been proved is the case N = oo and for infinitesimally Hilbertian spaces. The strategy, 
proposed in [37] and generalized in [7], is different from the one outlined above and uses 
twice a duality argument based on infinitesimal Hilbertianity. The idea is the following: first 
one uses the JC-convexity of the entropy and infinitesimal Hilbertianity to deduce that the 
gradient flow hj of the entropy i^-contracts the W2-distance (see also Appendix |A]) , i.e. 

W2{h{p), < e-^*t^2(/i, ly), yt>0, p,u€ ^2{X). 

Then one uses once again infinitesimal Hilbertianity to get that the flow h^, which coincides 
with the gradient flow of the energy / i— ^ J \Df l"^ dm, is linear and, by a general duality 
principle due to Kuwada (see [55]) to deduce that 

Mhif)f < e-^*h4(lip(/)2), V/ G Lip(X) n L2(X,m), 

then with a relaxation procedure based on the lower semicontinuity of minimal weak upper 
gradients and the density result in Theorem 14.31 one deduces 

|Vht(/)|2<e-^*ht(|V/|2), m-a.e.,, yfGW'^^{X,d,m), 

which, taking the derivative at t = 0, is equivalent to the Bochner inequality for N = oo. 



100 



References 

[1] L. Ambrosio, Transport equation and Cauchy problem for BV vector fields, Invent. 
Math., 158 (2004), pp. 227-260. 

[2] L. Ambrosio and N. Gigli, A user's guide to optimal transport. Modelling and Op- 
timisation of Flows on Networks, Lecture Notes in Mathematics, Vol. 2062, Springer, 
2011. 

[3] L. Ambrosio, N. Gigli, A. Mondino, and T. Rajala, Riemannian ricci curvature 
lower bounds in metric measure spaces with a-finite measure. Preprint, arXiv:1207.4924, 
2011. 

[4] L. Ambrosio, N. Gigli, and G. Savare, Gradient flows in metric spaces and in the 
space of probability measures, Lectm'es in Mathematics ETH Ziirich, Birkhauser Verlag, 
Basel, second ed., 2008. 

[5] , Calculus and heat flow in metric measure spaces and applications to spaces with 

ricci bounds from below. Accepted at Invent. Math., arXiv:1106.2090, 2011. 

[6] , Density of Lipschitz functions and equivalence of weak gradients in metric measure 

spaces. Accepted by Revista Matematica Iberoamericana, arXiv:1111.3730, 2011. 

[7] , Metric measure spaces with riemannian Ricci curvature bounded from below. 

Preprint, arXiv:1109.0222, 2011. 

[8] , Bakry-Emery curvature- dimension condition and Riemannian Ricci curvature 

bounds. Preprint, arXiv:1209.5786, 2012. 

[9] K. Backer and K.-T. Sturm, Localization and tensorization properties of the 
curvature- dimension condition for metric measure spaces, J. Funct. Anal., 259 (2010), 
pp. 28-56. 

[10] D. Bakry and M. Emery, Diffusions hypercontractives, in Seminaire de probabilites, 
XIX, 1983/84, vol. 1123 of Lectm'e Notes in Math., Springer, Berlin, 1985, pp. 177-206. 

[11] D. Bao, S.-S. Chern, and Z. Shen, An introduction to Riemann-Finsler geometry, 
vol. 200 of Graduate Texts in Mathematics, Springer- Verlag, New York, 2000. 

[12] J. K. Beem, p. E. Ehrlich, S. Markvorsen, and G. J. Galloway, Decomposition 
theorems for Lorentzian manifolds with nonpositive curvature, J. Differential Geom., 22 
(1985), pp. 29-42. 

[13] , A Toponogov splitting theorem for Lorentzian manifolds, in Global differential 

geometry and global analysis 1984 (Berlin, 1984), vol. 1156 of Lecture Notes in Math., 
Springer, Berlin, 1985, pp. 1-13. 

[14] A. Bjorn and J. Bjorn, Approximations by regular sets and Wiener solutions in metric 
spaces. Comment. Math. Univ. Carolin., 48 (2007), pp. 343-355. 

[15] , Nonlinear potential theory on metric spaces, vol. 17 of EMS Tracts in Mathematics, 

European Mathematical Society (EMS), Zurich, 2011. 



101 



[16] J. E. BORZELLINO AND S.-H. Zhu, The splitting theorem for orbifolds, Illinois J. Math., 
38 (1994), pp. 679-691. 

[17] F. Cavalletti, Decomposition of geodesies in the Wasserstein space and the globaliza- 
tion property. Preprint, arXiv:1209.5909, 2012. 

[18] F. Cavalletti and K.-T. Sturm, Local curvature- dimension condition implies 
measure- contraction property, J. Funct. Anal., 262 (2012), pp. 5110-5127. 

[19] J. Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom. 
Funct. Anal., 9 (1999), pp. 428-517. 

[20] J. Cheeger and T. H. Colding, Lower bounds on Ricci curvature and the almost 
rigidity of warped products, Ann. of Math. (2), 144 (1996), pp. 189-237. 

[21] J. Cheeger and D. Gromoll, The splitting theorem for manifolds of nonnegative 
Ricci curvature, J. Differential Geometry, 6 (1971/72), pp. 119-128. 

[22] D. L. COHN, Measure theory, Birkhauser Boston Inc., Boston, MA, 1993. Reprint of the 
1980 original. 

[23] S. COHN-VOSSEN, Totalkriimmung und geoddtische Linien auf einfach zusammenhdng en- 
den offenen volstdndigen Fldchenstiicken, Recueil Math. Moscow, 43 (1936), pp. 139-163. 

[24] S. Daneri and G. Savare, Eulerian calculus for the displacement convexity in the 
Wasserstein distance, SIAM J. Math. Anal., 40 (2008), pp. 1104-1122. 

[25] J. DiESTEL, Geometry of Banach spaces — selected topics. Lecture Notes in Mathematics, 
Vol. 485, Springer- Verlag, Berlin, 1975. 

[26] R. J. DiPerna and P.-L. Lions, Ordinary differential equations, transport theory and 
Sobolev spaces. Invent. Math., 98 (1989), pp. 511-547. 

[27] J. ESCHENBURG AND E. Heintze, An elementary proof of the Cheeger- Gromoll splitting 
theorem, Ann. Global Anal. Geom., 2 (1984), pp. 141-151. 

[28] J.-H. EsCHENBURG, The splitting theorem for space-times with strong energy condition, 
J. Differential Geom., 27 (1988), pp. 477-491. 

[29] A. FiGALLi AND N. GiGLi, Local semiconvexity of Kantorovich potentials on non- 
compact manifolds, ESAIM Control Optim. Gale. Var., 17 (2011), pp. 648-653. 

[30] G. J. Galloway, Splitting theorems for spatially closed space-times. Comm. Math. 
Phys., 96 (1984), pp. 423-429. 

[31] , The Lorentzian splitting theorem without the completeness assumption, J. Differ- 
ential Geom., 29 (1989), pp. 373-387. 

[32] N. GiGLi, On the heat flow on metric measure spaces: existence, uniqueness and stability. 
Gale. Var. PDE, 39 (2010), pp. 101-120. 

[33] , On the inverse implication of Brenier-McGann theorems and the structure of 

{^2{M),W2), Methods Appl. Anal., 18 (2011), pp. 127-158. 



102 



[34] , On the differential structure of metric measure spaces and applications. Preprint, 

arXiv:1205.6622, 2012. 

[35] , Optimal maps in non branching spaces with Ricci curvature bounded from below, 

Geom. Funct. Anal., 22 (2012), pp. 990-999. 

[36] N. GiGLi AND B. Han, The continuity equation on metric measure spaces, in progress. 

[37] N. GiGLi, K. KuwADA, AND S.-i. Ohta, Heat flow on Alexandrov spaces, Communica- 
tions on Pure and Applied Mathematics, 66 (2013), pp. 307-331. 

[38] N. GiGLi AND A. MONDINO, A PDE approach to nonlinear potential theory in metric 
measure spaces. Accepted at JMPA, arXiv:1209.3796, 2012. 

[39] N. GiGLi, A. MONDiNO, AND G. Savare, a notion of convergence of non-compact 
metric measure spaces and applications. Preprint, 2013. 

[40] N. GiGLi and S. Mosconi, The Abresch-Gromoll inequality in a non-smooth setting. 
Accepted at DCDS-A, arXiv: 1209.3813, 2012. 

[41] S. Honda, A weakly second differentiable structure on rectifiable metric measure spaces. 
Preprint, arXiv:1112.0099, 2011. 

[42] R. Jordan, D. Kinderlehrer, and F. Otto, The variational formulation of the 
Fokker-Planck equation, SIAM J. Math. Anal., 29 (1998), pp. 1-17. 

[43] P. KOSKELA AND Y. Zhou, Geometry and analysis of Dirichlet forms. Adv. Math., 231 
(2012), pp. 2755-2801. 

[44] K. KuRATOWSKi AND C. Ryll-Nardzewski, A general theorem on selectors, Buh. 
Acad. Polon. Sci. Ser. Sci. Math. Astronom. Phys., 13 (1965), pp. 397-403. 

[45] K. KuwADA, Duality on gradient estimates and Wasserstein controls, J. Funct. Anal., 
258 (2010), pp. 3758-3774. 

[46] K. KuwAE AND T. Shioya, a topological splitting theorem for weighted Alexandrov 
spaces, Tohoku Math. J. (2), 63 (2011), pp. 59-76. 

[47] F. W. Lawvere, Metric spaces, generalized logic, and closed categories [Rend. Sem. 
Mat. Fis. Milano 43 (1973), 135-166 (1974); MR0352214 (50 #4701)], Repr. Theory 
Appl. Categ., (2002), pp. 1-37. With an author commentary: Enriched categories in the 
logic of geometry and analysis. 

[48] S. LisiNi, Characterization of absolutely continuous curves in Wasserstein spaces, Calc. 
Var. Partial Differential Equations, 28 (2007), pp. 85-120. 

[49] J. LOTT AND C. ViLLANi, Weak curvature conditions and functional inequalities, J. 
Funct. Anal., 245 (2007), pp. 311-333. 

[50] , Ricci curvature for metric-measure spaces via optimal transport, Ann. of Math. 

(2), 169 (2009), pp. 903-991. 



103 



[51] A. D. MiLKA, Metric structure of a certain class of spaces that contain straight lines, 
Ukrain. Geometr. Sb. Vyp., 4 (1967), pp. 43-48. 

[52] R. P. A. C. Newman, A proof of the splitting conjecture of S.-T. Yau, J. Differential 
Geom., 31 (1990), pp. 163-184. 

[53] S.-i. Ohta, Finsler interpolation inequalities, Calc. Var. Partial Differential Equations, 
36 (2009), pp. 211-249. 

[54] , Splitting theorems for Finsler manifolds of nonnegative Ricci curvature. Preprint, 

arXiv:1203.0079, 2012. 

[55] S.-i. Ohta and K.-T. Sturm, Bochner-Weitzenboeck formula and Li-Yau estimates on 
Finsler manifolds. Preprint, arXiv:1105.0983, 2011. 

[56] , N on- contraction of heat flow on Minkowski spaces, Arch. Ration. Mech. Anal., 204 

(2012), pp. 917-944. 

[57] F. Otto, The geometry of dissipative evolution equations: the porous medium equation, 
Comm. Partial Differential Equations, 26 (2001), pp. 101-174. 

[58] T. Raj ALA, Local Poincare inequalities from stable curvature conditions on metric 
spaces, Calc. Var. Partial Differential Equations, 44 (2012), pp. 477-494. 

[59] T. Raj ALA and K.-T. Sturm, Non-branching geodesies and optimal maps in strong 
CD{K,oo)- spaces. Preprint, arXiv:1207.6754, 2012. 

[60] G. Savare, Self-improvement of the Bakry-emery condition and Wasserstein contraction 
of the heat flow in RCD{K, oo) metric measure spaces. Preprint, 2012. 

[61] N. Shanmugalingam, Newtonian spaces: an extension of Sobolev spaces to metric mea- 
sure spaces. Rev. Mat. Iberoamericana, 16 (2000), pp. 243-279. 

[62] Z. Shen, The non-linear Laplacian for Finsler manifolds, in The theory of Finslerian 
Laplacians and applications, vol. 459 of Math. Appl., Kluwer Acad. Publ., Dordrecht, 
1998, pp. 187-198. 

[63] K.-T. Sturm, Analysis on local Dirichlet spaces. III. The parabolic Harnack inequality, 
J. Math. Pures Appl. (9), 75 (1996), pp. 273-297. 

[64] , On the geometry of metric measure spaces. I, Acta Math., 196 (2006), pp. 65-131. 

[65] , On the geometry of metric measure spaces. II, Acta Math., 196 (2006), pp. 133-177. 

[66] V. A. Toponogov, Riemannian spaces containing straight lines, Dokl. Akad. Nauk 
SSSR, 127 (1959), pp. 977-979. 

[67] C. ViLLANi, Optimal transport. Old and new, vol. 338 of Grundlehren der Mathematis- 
chen Wissenschaften, Springer-Verlag, Berlin, 2009. 

[68] H.-C. Zhang and X.-P. Zhu, Ricci curvature on Alexandrov spaces and rigidity theo- 
rems. Comm. Anal. Geom., 18 (2010), pp. 503-553. 



104 



